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ABSTRACT 

The design and operation of a calorimeter for use in 

the temperature range 1,8-1|,2°K. are presented, and the 

methods used in the treatment of data and calculation of 

results are discussed. 

The heat capacities of several sodium tungsten bronzes 

(la^WO^) were determined in the temperature inte^'val 1,3-

l4,2®K. Samples having x equal to 0,89, 0,8l, 0.73» 0.65 

and 0,56 were studied. The measured heat capacities are 

described adequately by the sum of two terms, one linear and 

one cubic in temperature. The electronic specific heat of 

each sample is obtained by evaluating the coefficient of the 

linear term, and the Debye characteristic temperature derived 

from the coefficient of the cubic term. 

Densities of one-electron energy levels at the Permi 

energy, and effective electronic masses are calculated from 

the electronic specific heats, A plot of the density of 

states as a function of energy can be made if It is assxamed 
I 

that this curve is independent of sodium concentration. 

The juatification of this asaurription is discussed in the 

light of current theories of the solid state. The density 

of states curve rises rapidly at higher energies, and this 

rise is Interpreted In terms of the filling of a Brillouin 

zone or of an overlap of two bands. 
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I. INTRODUCTION 

The h©at capacities of metals at very low tesiperaturea 

(<1|®K») are of interest for two reasons. The first is that 

th© vibrational excitetion of th© lattice beconses more sim­

ple and clear cut since fewer spurioug effects and complica­

tions enter. Per example, the Debye approximation (1) and 

th© «ior@ exact lattice theory of Born and von Karman (2) 

agree only at very low temperatures. The second reason for 

conducting oalorimetry below i|.OK. is to study the con-

trihiitton of th© conduction electrons to the gross heat 

capacity of the aetal. This ©lectronic heat capacity is 

small compared to th© total at all but the lowest tempera­

tures . 

The objective of this research was the determination 

of the heat capacity of sodium tungsten bronze (Na^jWO^) as a 

function of sodium concentration. The temperature range of 

these expariments was 1.8-i},.2®K. The proposed meaaure-

wents were of interest because the bronzes are unusual in 

th© respect that sodiuia, and hence conduction electrons, can 

be added over a considerable range without affecting the 

crystallographic symmetry. This property insures that the 

Brillouin zone structure is the same for all of the cubic 

bronaes. 

Measurement of the electronic specific heat of a metal 

will yield the density of one-electron energy states at one 
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value of energy, namely the Permi energy. In the bronzes 

it is possible to vary the Perml energy by varying the 

sodiuffl. concentration. Hence, an approxiBsation of the den­

sity of states curve can be found for a portion of the 

ener^^ spectrum, provided that the distribution of states is 

not appreciably modified by changing sodium concentration. 

Such inf oriaatlon should b© valuable In the interpretation 

and understanding of the electron theory of metals. 
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II, RE'VIEf OP LITBRATURS 

A. Sodium Tungaten Bronze 

The sodiuiB tungsten bronzes are non-stolchioroetric 

sodltm iB©ta-tungatB.t0, where x varies fron-! 0 to 1. 

At bigher x (>0»3) the brontes exhibit the typically metal-

lie pyofjertiea of luster and electronic conductivity. The 

color ehangas through blue, violet# red, and orange to 

yellow as x is lner©aa@d from 0.3 to 0»9. The wavelength 

of the absorption m&ximtm is a linear function of sodium 

concentration O)* The color can be qualitatively explained 

(3) on the basis of simpl© free electron theory. 

The bronzes erystalllae in the cubic perovskite structure 

{i}.) at all X greater than'^0.3* Below x-^0.3 the structure 

is tetragonal, and below x^O»l$ a lower symmetry structure 

is obtained (5). Throughout the cubic range the lattice 

parameter is a linear function of aodium concentration (3)* 

and this property permits a rapid analysis for sodium. 

Two independent studies (6, 7) of electrical resistivity 

as a function of sodium concentration have shown a iBlniraum 

near x » 0*7$* The Hall coefficient (7) was found to vary 

inversely with the sodium concentration and to correspond to 

one free electron for each sodium atom in the crystal. The 

hypothesis of complete dissociation of sodium into positive 

ions and free electrons la further substantiated by magnetic 

susceptibility aieasurements (8, 9)» which show that sodium 
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tungsten bronz© is weakly paramagnetic. Thus, the resistivity 

minimum was attributed (7) to an anoraalous maxiiaum in the 

©leetron Bjobility, Gardner and Danielaon (7) suggested the 

poasibillty of ordering of th® sodium ions at x " 0.75 (three-

fourths of the sites occupied) as an explanation of the 

mobility raaximum, but thermal expansion measurements (10) 

cannot b® Interpreted in terms of an order-disorder trans­

formation* Recent studies (11) of resistivity as a function 

of sodliaa concentration and anneal time have shown that the 

reaiativity is a nearly linear function of sodium concentra­

tion at all temperatures after anneal. 

Meaaureiaenta of sodium diffusion (12) in sodium tungsten 

bronze yielded an activation energy considerably greater than 

that expected on the basis of simple vacancy diffusion and 

geoaetric considerations. An attempt (13) to interpret this 

high activation energy in terms of ionic bonding was quanti­

tatively unsuccessful, but th® calculations of total electro­

static energy as a function of sodim concentration did 

predict the correct stability range of cubic sodium tungsten 

bronze. 

B. Helium Calorimetry 

For the purpose of determining the heat capacities of 

uetals at very low temperatures the calorinietric method of 

lernst and Euken (li{.) has been almost universally used. In 

this procedure the sample is cooled to the desired tempera-
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tur®, thermally Isolated from its surroundings, and the heat 

capacity determined by noting the tefflperature rises resulting 

fro» succeaaiv© measured additions of energy. Most of the 

early ealoriinetry at liquid helium temperatures was conducted 

at th® rj©id©n laboratory (15> l6). Later modifications (17# 

18) of the design and techniques described by Keesom have 

not altered the basic method, but are concerned mainly with 

efforts to reduce the heat leakage, to develop better ther-

laometers, and to improve the accuracy of tl:^ calculations. 

The dynamical nature of calorimetry at liquid helium 

temperatures requires that a thermometer capable of yielding 

rapid temperature ffleaaurements be used. Resistance thermo-

»et©ra of leaded phosphor bronze (15)» constantan (15)» 

g©r®aniuia and allieon seffiiconduetors (19)» carbon resistance 

cards (20), amorphous carbon (21), and carbon composition 

resistors (22) have been used with varying degrees of success. 

An ideal thermometer would have the characteristics: high 

temperature sensitivity, reproducibility, arid Insensitivity 

to mesiurlng current and escternal fields. None of the ther-

ffloiaetera developed to date combine all of these qualities to 

a completely satisfactory degree. 

The resistance thermosieters discussed above are all 

secondary thermonieters and must be calibrated against a 

suitable standard# The International Temperature Scale of 

19I1-8 (23) is defined only to the oxygen point, and so no 

universally accepted scale exists in the liquid helium region. 
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In an ©ffort to arrive at a common temperature seals in this 

low temperature region, members frorc cryogenic laboratories 

in the United Statea, Oeat Britain and Holland met in Amster­

dam in 19I1-8 and arrived at an "agreed" helium vapor pressure--

temperattare relation (2i|.) baaed on the best experimental 

evidence available. During the 1955 Conference on Low Tem­

perature Physics in Paris, the Inadequacy of the 19ij.3 liquid 

helium vapor pressur©--»te»pQr&ture scale was discussed. The 

Gonferenc® membera reconiffiended that a p-T relation calculated 

hj Bijk and Durleux (25) on a purely thermodynamic basis be 

adopted for a new agreed scale to replace the 19if8 scale. As 

an alternative to the Dijk-Durieux calculation, a scale based 

on recent direct lueaaurements of vapor pressure (26) was 

recoiEmended. The us® of this latter scale requires that 

vapor pressures be measured in certain specified ways. 

C. Heat Capacity Theory 

At sufficiently low temperatures, experiment has shown 

that the heat capacities of simple metals can be written as 

the sum of two terms, one linear and one cubic in teinperature, 

(1) C « V T + ̂ . 

The term cubic in teiaiperature is that due to vibrations 

of the constituent atoms about their equilibrium positions, 

A detailed explanation of this term requires a knowledge of 

the actual form of the vibrational spectrum of the solid. 

This problem is quite thoroughly treated in the recent book 
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by Born and Huang (27). The approximate theory of Debye (1) 

considers a crystal as an ©laatic continuuai, and allows no 

freqwncies greater than a maximtaft . Heat capacities 

calculated from, this theory, after choosing Vjjj "to best fit 

experiment, are in close agreement with experiment despite 

the crude nature of some of the approximations made, Debye'a 

theory predicts a teaiperature dependence of the lattice 

heat capacity at sufficiently low temperatures. The coef­

ficient of this term is 

(2) ^ = 12/5 yf^^nR(l/9p )3 

where R is th© gas constant, n is the number of atoms per 

forittulft weight in th© crystal, and @ p la the Debye charac­

teristic temperature defined as 6p s hV^jjj/k, h and k being 

Plank's and Boltmann's constants respectively. 

• _The term linear in temperature in equation (1) arises 

from the electrons in the metal. The origin of such a term 

was first accounted for by Sosaaerfeld (29) by applying quan­

tum statistica to an electron gas. If g (£) is the density 

of one-electron energy states per unit volume, then the 

total energy per unit volume,!, and the electron density n 

are given by 

(3) E = nf - (£) f(e)d€, 

(1+) n = \g(e)f(£) d£ 
__ 4 

Here £ la the average energy per electron, and f(£") -
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l/(l +- 8xp( ̂  - fF)/kT) is the Peral-Dlrac distribution func­

tion! being a noi*mall2ing factor conmonly called the 

Perrai energy* 

Defining two functions of energy P{c) and G(f) as 

P{f) » (£-g{£)d<f &(£•) « r g{£)d£ 
•'O ^ 

and calculating their first and second derivatives 

P»(e) =£:g(f) G'(£) a g(€) 

P"C€) = g(€) -^<fg*(e) G"(€) » g'(0 

reduces equations (3) and (1|.) to 

(5) 1 = C P'(e)fC£)dr 
o 

(6) n = ^ G'(£ )f{£')d € 
O 

It can b© shown (30) for the ease of kT-^cf^that 

P»{f)f(«r)de = ¥{Ef) + (TTkT)^ p»*(£)/6/ 

Fourth and higher order terms are neglected. P(£) can b© any 

function of energy. This reduces equations (5) and (6) to 

(7) s = p(<^) + {Trkf)%"(e)/6/ {eB{c)Ae 

-h (TrkT)V6 ̂ g{f) + fg' 

(3) n = G( ^ ( 7rkT)^G" ( ?)/6 = \s(^)df 
i 

-t (TTldlj^/b S* 

Differentiation of (7) with respect to temperature will 
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yield Cq3_s tbe electronic specific heat per unit volume, 

(9) GqT « f^)d 6/dTr g(e)^-€g'(e)] 
3 L £ ̂ 

-^iJTkT)£ |^2g'(^) fe"(e)] jTa^/df] 

In order to evaluate d ̂ /df, equation (8) is differentiated 

with respect to temperature, giving 

dn/dT a 0 s g(fp)d6-/dT t'|{ F kT)^g" (£)/6| d S/dT 

/ 
-f TT^Ag' (f )/3 

' c -

d^^/dT » - T/k%g'{0/3 4. { g'*( d/fe 

~ 

The second term in the denominator is small eompared to the 

first and may be neglected# Substituting this result into 

equation (9) gives 

(lOa) 0^1 r TT Vlg( &)/3 + Tg>(f)/3/ -
' £= 

77^k^€TeHi)/3 -j- higher order terms 

(10b) C@x = ir\^Tg{e^)/3 "'M: ; . . 'i- f 

per unit volum.®, after neglecting the higher order terras. 

Multiplying equation (10b) by the molar voliatse will yield the 

electronic heat capacity per mole, "j:,-K =•• v Ki - r. 

(11) fr)T/3n » rT . " 

In thia equation z is the number of conduction electrons per 

formula weight. This theoretical prediction of a linear de­

pendence of electronic specific heat on temperature is con-
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flrieed by experiment. 

By further assuming that th© potential field acting on 

an electron in aiotion inside of a metal is a constant (almpl© 

free electron theory), the density of states is found to be 

(31) g(^) ~ Cf^ per unit volume, where 

C = Ij-TT (2m) ̂Vh^ " (1/ Ep°) 3n/2 • 

Her© is the Perml energy at absolute zero. Equation (10b) 

then reduces to 

(12) = TT^ic^nT/g r/ 

per unit volume} or, per mole 

CqJ « TfkaHT/2£-/ 

It is assumed that c^s Ep» Equation (12) is often referred 

to as the Sommerfeld equation. 

From a quantum mechanical viewpoint, the use of the 

density of one-electron states demands that the total elec­

tronic wave functloh be coiaposed of one-electron wave func­

tions. The uaual method of obtaining the total wave function 

is to use the Hartre© approximation (32), which neglects all 

Interactions between electrons. This la equivalent to the 

free electron gas approximation of Sominerfeld (29) in pre­

dicting electronic behavior. 

It is known that electrons Interact, but the extent to 

which this Interaction controls their motion is not known. 

Exchange interactions can be taken into account by use of the 

Hartree-Fock approximation (33)* However, this leada to a 
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tamperatui?© depandenc© in the specific heat not in accord 

with ©xpariment (34* 35)» Wigner (36) has suggestsd that 

Couloiab correlations will coimt®ract the exchange correction, 

and ao the qwalitativ# agreeaent with experiment obtained 

with the siinpla Hartre© expression is restored. Attempts to 

graft ©leetron-fphonon Interactions (37) onto the independent 

electron Model have proven unsuccessful in predicting the 

correct temperature dependence of the specific heat, 

A quit® different approach (38* 39» ij-l) which 

emphasizes the collective correlated character of the elec­

tron motion, jields more conaistant results. The correlated 

electron motion, corresponding to collective oscillations of 

th© ajstem as a whole, is considered at th© outset of the 

theory. This model leads to the conclusion that the descrip­

tion of th© electrons as a sjstem of independent particles 

is often quit© appropriate, fhis conclusion results because 

the effective Interaction between electrons turns out to be 

a screened Coulomb law of force with a range approximately 

equal to the inter-electronlc spacings. Thus, it is physical­

ly plausable to treat the electron system as a group of 

almost independent particles once the long range correlations 

which lead to this screening have been taken into account. 

A linear temperature dependence of the electronic specific 

heat is predicted in agreement with experiment. 
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III. MATERIALS AND APPARATUS 

A. Materials 

1» Preparation of samples 

There is no phaa© diagraBi available for the aodium 

tungsten bronzes. Consequently, most of the information 

concerning their preparation la qualitative in nature. The 

methods which have been successfully employed involve re­

duction of a sodium tungstate or aodiuBi tungstate-tungsten 

ill) oxide melt. Reducing agents which have been success­

fully used (3) Include hydrogen, tin, zinc, iron, phosphorous, 

and tungsten metal. Bloctrolytic reduction has also been 

employed (3)» Solid phase reduction with tungsten roetal 

appears to give the most nearly atoichiometric reaction, 

and hence the most predictable composition of bronze. How­

ever, this method was not used in this investigation because 

of the possible introduction of free tungsten which has a 

very large electronic specific heat. 

The samples for this study were prepared by cathodic 

reduction. A mixture of sodium tungstate and tungsten (VI) 

oxide in a porcelain crucible was fused, and electrolyzed 

at an e.m.f. of less than 1 volt. The electrodes were 

graphite (anode) and nichrome (cathode). It was found that 

bronzes having sodium concentrations between 0.56 and O.92 

could be grown by decreasing the WO^ from $0 to 20 mole per 

cent. Attempts to grow bronzes having x less than 0.56 by 
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increasing th© WO^ to more than $0 mole per cent always re-

aitlted in blu® needles which had tetragonal aymisetry and x 

Itsa than 0.3* I'hQ reason for this inability to obtain cubic 

bronzes below x » Q*$(> is not understood. Attempts to in­

crease X abov© 0,92 by using jaore than 80 mal© per cent Ma2W0||_ 

always resulted in no crystal foriraation. fhis observation 

is also not understood. Cubic crystals measuring one centi­

meter or more on an edge were grown. The perfection obtained 

increased with decreasing current density. 

After growth th® bronzes were broken up into araall 

pieces (10«60 mesh) and cleaned by successive treatment with 

boiling water, aqueous amajonla, concentrated HCl, and aqueous 

HF. 

2, Analyaea of samples 

The ittole fraction of sodlim in the bronzes was obtained 

by an x-ray determination of the precision lattice parameter. 

It has been found by several investigators {3» 5» k^) that 

Regard's law holds throughout the cubic range of the bronzes. 

The following linear relationship between lattice parameter 

and sodium concentration was used in this study. 

ao = O.O82OX + 3.781^5 

In this equation a^ is the precision lattice parameter in 

Angstroms and x is th© mole fraction of sodium in the formula 

KajjWO^. Comparisonsof this equation with chemical analysis 

in this laboratory have indicated an accuracy of 0.02 in the 
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value of X. 

A back reflection powder camera and nickel filtered cop­

per radiation were used, F'ive and five Ko(2 reflections 

were obtained. The lattice parameters calculated from these 

ten reflections were plotted against the function i(coa 2©/ 

sin 0 + cos^0/0) augg-ested by Melaon and Riley (43) • Geo­

metrical and absorption errors are minimized by extrapolating 

tte lattice parameters obtained from several reflections to 

a Bragg angle of 90°* For the bronzes (12) it has been found 

that plotting the lattice parameter against the Nelson-Riley 

function yields a more nearly linear extrapolation than 

plotting against cos^Q. 

B. Apparatus 

1. Mechanical features 

a» Calorimeter. The general design is indicated in 

Figure 1» The cryostat was suspended frora a rectangular brass 

plate P ( 26''X8"X1/1{." ) which in turn was firmly supported by 

wall brackets. The liquid helium was contained in the inner 

Pyrex dewar vessel (34" long and ii." I.D.) which had a ring 

seal if Inches from the top. A vacuum tight seal was made 

between the inner dewar and cap C by means of a rubber gasket. 

The inner dewar rested in a spherically hollowed out balsa 

wood ring which was supported from plate P by three thin steel 

cables and springs attached to evenly spaced turnbucklea TB. 

The outer Pyrex dewar vessel (ij.0" long and 7" I.D.) contained 
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liquid nitrog0n\and rested on a tabl© which could be elevated 

and locked iato position, Each dewar was atrip-ailvered ao 

that th© height of the liquid helium could be seen. 

Two puwping systems designated as PS-1 and PS-2 are 

shown in Figure 1. The first was used to evacuate chamber 

CH. It was an all metal system and among its components were 

a f^elch Ho. ll|.05 fore-pump, an H-2-P purifying diffusion pump 

(50 litera/sec at 1 micron), a cold cathode gage tube, and 

a connection to stopcock 2 of the glass raanometric system. A 

iid® tub® between the fore-pump and diffusion pump permitted 

connection to an external system such aa a leak detector. 

The second puifiping system served to reduce the pressure over 

the helium bath. Thia second pumping system was provided 

with a Pulton sylphon valve in the main line plus a needle 

valve and a Cartesian diver manostat ® in the by-prss line. 

Also provided was an atmospheric outlet, a mechanical pres­

sure vacuum gage, and an inlet from the helium line. Th© pump 

was a Kinney Model DVD 8810 {110 cubic feet per minute at 1 

atfflosphere)• 

The cap assembly was comprised of a brass cap into which 

the inner dewar fitted, a monel tube which was anchored to 

the plate P, and a brona® T-fitting. Th© T-fitting waa pene­

trated at the top by a one-half Inch stainleaa steel tube 

which served both aa an evacuation tube and suspenaion for 

the chamber CH. Extending upward from the cap was a brass 

tube which served aa a guide for the refrigerant transfer 
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tBb®. This tub© could b© capped for operation under vacuum. 

Also penstrating th@ brass cap was a one-fourth inch copper 

tub® ©xtsndiQg upward to stopcock 3 of the glaas manometric 

system, and a vacuum Jacketed stainleaa sta©l vapor pressure 

theriBoiHeter which extended downward to the calorimeter chaaaber 

and upward to stopcock 1 of th® glass manometric system. The 

off-center arrangement of tubes in the cap assembly permitted 

m&ximxm use of th® cap area. Below the cap, the stainless 

steel tube was brought back to center. The double elbow 

served as a radiation trap. 

The calorimeter chamber (Figure 2) consisted of two 

parts: an upper cover which was permanently soldered to the 

stainless steel tube, and an outer can. The cover fitted 

into a concentric well at the top of the outer can and a 

vacuum tight seal was made with low melting indium solder. 

The bulb B of the vapor pressure therajoiaeter was permanently 

soldered to the cover. A ring R around which electrical lead 

wires were wound waa fastened by three 2-^6 screws to tabs 

milled on the Inside of the cover, and the gold plated sample 

can SC was suspended by fish line fron-i three eyelets E on 

th® bottom of this ring. A gold plated copper disc D waa 

suspended between the eyelets and served as a radiation baf­

fle. The sample can had a threaded well in the top for in­

sertion of the resistance thermometer, and a heater wound 

on a thin copper ring HB connected to the well by radial fins 

P. The heater leads were brought out of the can through a 
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Figure 2, Calorimeter chamber. 
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Stupakoff seal, and a spring loaded cap C was fastened to the 

bottOEi of the can by 2-56 brasa screws* 

bo Manometric ayateai* The .manometrlc system is shown 

in Figure 3» All of the glasawar© was mountod on a plywood 

panel (l|• x5'x3/i|.")» Tb© pressure of interest was Introduced 

through SG-1 or SC«3 measured -with the mercury raanometer 

IM, the oil manometer 01, or the .McLeod gage MG» The mercury 

manoMter was isade of li|. rm precision bore tubing, and waa 

illiiHiinated by a fluorescent light behind the panel. The 

oil fltrcoil 20) manoffieter was made of 8 ami precision bore 

tubing* 

The metering burette iB was used to introduce a known 

¥olu»e of gas to the vapor pressure thermoiaeter under any 

desired pressure. It was provided with a mechanical pressure-

vacuum gage and connections to the vapor pressure thermometer, 

the high pressure helium line, the manometric system proper, 

and fore-pujBp 2. 

Heliuia exchange gas could be adraltted to the calorimeter 

chSBBber through SC-2, The four-foot length of one-quarter 

Inch copper tubing between 3C-2 and the valve on the chamber 

pumping tube served as a metering volume for exchange gas. 

Kovar seals were used for all metal to glass connections, 

2. Blectrical fe&tiarea 

The electrical leads were #14.0 double ailk covered copper 

wire. The leads entered the cryoatat through a vacum seal 
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Figure 3* Manomatrlc system. 
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mad® by oemantliig them between a brass ring and a glass plat© 

with Apiezoa !• This vacuiam seal VS (Figure 1) was in the 

room t0isp©ratur® part of th© ayat#aj, and was protected from 

ffieohanical daiaag® by a cover# Th& lead wires were brought 

down th© center of the stainless steel pumping tube and wound 

twice around th® ring M (Figure 2), which had been covered 

with a layer of cigarette paper. Th© copper wires were then 

soldered to #i|.0 manganln wires and the junctions brought in 

thermal contact with th© ring by using G# E. adhesive. The 

ffianganin wires were wound twice around the ring before going 

to' th© sample can. 

Two currant and two potential leads went directly to 

the thermometer teraiaala. Two current leads and one po­

tential lead went directly to the heater terminals on the 

top of th© can. The other heater potential lead was joined 

to the current lead just as th© current lead left the ring# 

This arrangement adds half of th© power dissipated in the 

leads to th© imeasxjred power dissipation in the heater. 

The sample heater was #1|,0 manganin wire wound non-

Inductlvely on the thin copper ring HR (Figure 2), The 

heater had a nominal resistance of approximately 2000 ohms. 

The thermometer was a ̂  watt, 10 ohm, carbon composition 

resistor obtained from Allen-Bradley Coapany without the 

insulating case. This resistor was cemented inaide of a 

threaded copper plug with G. S. adhesive. The lower lead 

wire was grounded to th© bottow of the plug. This plug waa 
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then acrewsd tightlj into the well in the top of the can. 

The heater circuit is shown in Pigur© I4.. With the main 

heater switch closed, current froBi a Ij.,2 volt Willard low-

discharge battery was passed through an attenuator circuit, 

then through either the calorimeter heater or the exercise 

resistor, and finally tlirough the 100 ohm standard resistor 

and a mllliaBimeter, Th© heater-exercise switch ia a SPDT 

Millisec relaj (St©vena-Arnold) which was energized by timing 

signals from th© bench control unit of a Standard Electric 

Company pendulum clock. The bench control unit could be set 

for any number of Integral seconds up to 2500 seconds with 

an accxaraey of i 0.00l|. seconds. When th© relay was not 

energized th© current was routed through th© exercise circuit 

which waa adjusted to have th© same resistance aa the parallel 

coffibinatlon of th© heater and its shunt. The total current 

in the circuit was obtained by measuring the eraf across th© 

100 ohm standard resistor* The voltage across the heater 

was obtained from a measurement of the emf across either 

th© 100 ohm or 100+1000 ohm standard in th© heater shunt. 

Th© attenuator was a syaimetric Tj its application to 

caloriaetry was first proposed by Hoge (lj.1^-). The properties 

of this circuit shown in th© simplified schematic (Figure 5) 

ar© such that X and Y may be so adjusted that the power fed 

into th© load resistance may be varied while th© resistance 

seen by the battery remains constant. Under these conditions 

a slight change in such aa might occur by virtue of th© 
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Figure I4.. Heater circuit* 
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t@mpai»atup® coefficient of th© heater resiatance, does not 

affect th© power dissipation. Under the conditions that the 

generator and load impedanees are raade equal to each other 

and to the image impedance th© values of X and Y may be 

calculated from the equations 

X- Hi(^-l)/( 0^+1) 

y a R]^(2 0()/( o^^-l) 

where </ = heater current without attenuator 
heater current with attenuator * 

The thermometer circuit is shown in Figure 6. With the 

main thermometer awitch closed current from the 2.1 volt 

Willard low-discharge battery was passed through a milli-

amaeter and then through the combination of parallel resistor 

and thermometer plus standard resistor. The value of the 

parallel resistance was chosen so that the power dissipated 

in th® thermometer rejnained constant at 10""® watts when the 

thermoMeter resistance changed from 100 to 3OOO ohms. 

All einf'a were measured on a White double potentiometer* 

It bad a range of 0-99990 microvolts, with one unit on the 

last dial corresponding to 10 microvolts. A selector switch 

with silver contacts routed the various emf's to the White 

from the heater and thermoMeter circuits. The galvanometer 

used was a Leeds and lorthrup Type 228$, having a sensitivity 

of approximately 0,0032yC(ei/mm at one meter. The galvanometer 

deflection was viewed through a 16 power telescope. The 

galvanometer mirroi? reflected a 0-500 mm ground glass scale. 
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Flgur# 6. Theraioraeter circuit. 
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which was Uluminated from behind by a fluorescent light. 

The seal© was approximately 6.S meters from the galvanometer. 
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IV. EXPSRIIfBOTAL PROCSDURS 

A. General 

Th® liquid heliiiM for us® aa a refrigerant was prepared 

in a Collins Heliiaa Cryostat, The liquid was transferred 

into a ̂ 0 liter Superior dewar for storage imtil needed. 

Transfer from the storage dewar to tte experimental cryostat 

was accomplished with a vao\im jacketed stainless steel 

transfer twbe# fransfer efficiency was approximately ^0 per 

cent after the Initial cooling. 

Heliuffl ©xchang© gas was used to cool the sample to the 

desired temperature# However, problems arose in removing the 

exchange gas when it was desired to thermally isolate the 

fample from its surroundings. The degree of adsorption of 

helium on metal sWfaces increases sharply when the temper­

ature ia decreased below 14,.2®K. Because of this property, 

some of the helium adsorbed on the sample will desorb during 

a heating period and tend to re-establish thermal contact 

with the surroimdings. To circumvent this difficulty a 

technique was developed to cool the sample using the minimum 

amount of exchange gas. 

After the inner dewar had been filled with liquid helium, 

1 ,$xlO''k aoles of heliian gas were admitted to the experimental 

chamber through the metering volume. This quantity of ex­

change gas would cool the sample can to 1|..2°K* in approxi­

mately two hours. The chamber was then opened to its vacuum 
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system. After approximately five Bilnutes of pumping the 

fore-puiap was isolated frora th® aystem and a commercial 

h©liui» ioai3 spectrometer leak d® tee tor used as the backing 

ptmp for the system's diffusion pump. Pumping was continued 

until the leak detector indicated no further helium being 

removed. The us© of a leak detector in such an application 

was first suggested by Garfunkel and Wexler (i]-6), 

fhe bath temperature was then lowered to approximately 

2#6%. and held constant with th© manostat. The calorimeter 

chamber was next isolated frora the pumping system and 7xlO""5 

moles of helium exchange gaa admitted. After the sample had 

reached bath temperature th© chamber was again opened to ita 

vacuum ayatem, and pumping continued until the leak detector 

Indicated no further helitan being removed. The bath was then 

pumped to its loweat temperature (l.l^K.), and alternate 

temperature and power measurements taken from 2,6° to I|.,,2°K. 

Th© bath temperature was then raised to [j..2®K. and the above 

procedure repeated with 1.6®K. the lowest sample temperature. 

The quantities of exchange gas used in the various steps were 

found experimentally to he the minimum quantities coiisistent 
with reasonable cooling times. 

After all desired heat capacity data had been taken the 

bath teraperature was raised to 10"^ moles of exchange 

gas added, and the thermometer calibration made. A five watt 

heater was used to raise the bath temperature. 
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B. Thermoiri© try 

The realstance of the carbon thermometer was calibrated 

against the vapor pressure of liquid helium in the bulb B 

(Pigw® 2), The "agreed" ©xperlmental temperature scale (26) 

of 1955 was used to convert heliiaa vapor pressure to tempera­

ture. Temperatures deduced from this scale were denoted by 

th© symbol 

Thermometer calibration points were taken at intervals 

of 0,2®K# over the temperature region of interest after the 

heat capacity data had been taken. The resistance thermometer 

and vapor pressure bulb were thermally coupled by admitting 

lO"^ moles of holiuia to the calorimeter. An experiment 

showed this to be adequate coupling: with the bath at its 

lowest teaperatur®, introduction of an equivalent amount of 

helium left th® thermometer resistance unchanged. 

The temperature of the bath was maintained constant to 

^0.0005°K. for each calibration point. Temperature control 

above 2.6*^IC was attained by regulation of the pressure of 

helium above the bath with a manostat in th© pvimping lines. 

At temper at tare a below 2.6®!;. regulation was attained through 

us® of a SoOTiers type electronic regulator (l|-7). This 

regulator used a resistance thermometer in the bath as on© 

arm of a bridge circuit, and a variable resistance as another. 

The pumping rat© was adjusted so that the bath was cooling 

slowly, and then the variable resistance was set to corre-



www.manaraa.com

37 

snond to tb© daaired bath teaperaturQ. The off-balance of 

the bridge circuit was fed through an amplifier to a heater 

la th© 'bathi For temperatiirea above the lambda point of 

liquid helium, tesiperatures were always approached from 

above to avoid the possibility of supercooling the liquid 

below the surface, 

?apor preaaures above 1|0 mm of mercury were measured 

with the mercury manometer. Below if.0 irm of mercury pressures 

were measured with the oil aanonieter. A ?/ild Cathetometer 

waa used to ffleasure the liquid heights in both manometers. 

The results frora the oil raanoaieter were converted to mm of 

mercury at the a&m& temperature. To accomplish this con­

version, the density of the oil was Measured as a function 

•of teirfperatrir© before Introduction into the manometer. This 

density calibration was checked periodically by coanparison 

with the mercury manometer» The readings oa the mercury 

manoaieter were corrected for capillary depression usin£, the 

data of Cawood and Patterson (i^S), This particular set of 

data was choaen because the experimental conditions under 

which it was obtained more closely approximated those of 

this study. Corrections to standard temperature and gravity 

were also laad©* 

In order to calibrate the thermometer, an emperical 

equation was used which defines a reiistance temperature Tj,« 

This equation was 

dk) l/T^ = a^/log R-f b^ log R -h 2ab 
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Two experimental points were used to evaluate the constants 

a and b. The calibration then oonaisted of obtaining 

aa a ftinctlon of Tj.. The constants a and b were found to 

change considerably after cycling the thermometer between 

room tempsratiare and i|.,2°K. However, if the matching points 

were chosen at the same temperature, the general shape of 

the calibration curve remained unchanged, 

Thermomolecular pressure drops in the tube connecting 

the vapor pressure bulb and the manometer system were cal­

culated. At 1,6®K. a 0*03 per cant error in temperature was 

introduced due to therffiomolecular pressure differences. At 

higher teaiperatures this error became vanishingly small. In 

view of this result, th© vapor pressure of helium in the bulb 

was used as the temperature standard at all teniperatures. 

The correction of th© temperature of the thermometer due to 

the hydrostatic head difference between the vapor pressure 

bulb and the carbon resistance thermometer was not made. This 

correction was calculated to be negligible at all temperatures 

with the possible exception of those just above the lambda 

point. However, there was no evidence for this correction 

from a discontinuity of the calibration curve at the lambda 

point. 

Is previously mentioned, the teaiperature and power 

Bjeasureiaents were taken alternately during a run. The quan­

tities necessary for temperature were Ep, the voltage drop 

across the thermometer, and Ij,, the voltage drop across the 
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standard resistor in aeries with the thermometer. The quan­

tities Ep and were measured alternately before and after 

a heating period at tiroe intervals of 30 seconds. Since Ej, 

and Ij, were not constant, it was necessary to interpolate 

each to the time when the other vma taken. The reaiatance 

1 of th© thermometer was calculated from the relation 

(15) R = (Ep/Ir)i|.9^.30 ohms 

since the resistance of the ataiidard was ij.914.,80 ohms. 

Calcxalation of the Initial and final thermometer resist­

ances for a heating period were aade by plotting thermometer 

resistance as a function of time both before and after a 

heating period. In general, linear drifts were observed. 

Both plots were extrapolated linearly to the time corre­

sponding to th© middle of the heating, period. The resulting 

values of resistance were taken to be and R^, and con-

•1 f 
verted to rasiatanc© temperatures T"^ and T:i . Finally the 

r ^ 
resistance tecperatures were converted to temperatures 

f and on the "agreed" scale, 

C. Heat Input 

The proper combination of attenuator setting and time 

of heating were chosen to give a sample temperature rise of 

0.1-0,2®K. during each heating period. The time of the 

heating period was usually chosen to be 3* or 5 minutes. 

The energy In joules added to the sample during a heating 

period was given by 
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(16) Q = (l/R^ - E/R2) (ER3/R2) t 

where I = the &mt In volts across 

E = th® emf In volts across a fraction of the 

parallel shunt 

= the resiatance of th© 100 ohm standard series 

resistor 

Rg ~ the total resistance of the ahunt (Including its 

leads) in parallel with the heater 

R^ Z the resistance of that part of the shunt across 

which S exists 

t - th© time in seconds that current was flowing 

through the heater. 

Both B and I were observed to remain constant to t 0,2 
microvolt during a heating period. This was due partly to 

the circuit design and partly to the small resistance change 

of the manganin heater over the temperature interval of a 

heating period. 

D. Treatment of Data 

The mean gross heat capacity, C„, was evaluated by the 

relationship 

(17) Cg - joules/deg . 

This was taken to be th© heat capacity of the sample plus 

•f 
addenda at the average temperature (T^^^ -f~ T^^g)/2, The heat 

capacity of the addenda, was measured independently and a 

smooth curve plotted as a function of temperature. The heat 
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capacity of the aampl© was than calculated from the relation: 

(18) C = (Cg - Ca)/n JoulQs/(mole-d@g) 

where C = the aean heat capacity of the sample over the temper­

ature rang© of C„ 
h> 

Cg = the heat capacity of the addenda at the mean temper­

ature of C„ 
fe 

11 z nimiber of moles of safflpl®. 

The uae of the above relation assumes that C varies linearly 

with temperature over the range of the heating period. The 

corrections for the actxial curvature were calculated to be 

less than lO"*^ pgi. cent, and were neglected. 

At temperat-ures below i|.®K. the heat capacity of simple 

metals can be represented by the relation 

(1) C a Y T t- ^ T3 

As previously discuased, the coefficients V and are related 

to th© electronic and lattice contributions respectively. For 

the piarpose of evaluating the two constants, the heat capacity 

equation was rewritten as 

C/T » r -f- ^ T^ , 

and the data tabulated for C/T as a function of T^. This then 

reduced th© equation to a linear one of the form y - Y +/? x. 

The best values of the two constants were found by the method 

of least squares. This required solution of the determinant 
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i = 1 

ri 

XiJi 
1 = 1  

1 
n 
1 

i = 1 

n 

1= 1  

= 0 

where n was the number of x-y pairs. 

The probable errors, Py and Pp , in the values of r and 

obtained from th© above determinant were calculated from the 

relationships 

where r^ r 0. © 671̂ 5 J 2df /{n-2) ' 

P n/D 

D i n  
1 

d^ = Ji - (calc) 

?y was the probable error In the electronic beat capac­

ity, The Debje characteristic temperature was derived from 

the coefficient p by uae of the following relation 

1 '/? 
Qd - (12 TT Rn/5p ) 

In this equation n was the number of atoms per formula weight, 

and the symbols had their usual meanings. The relative 

error, Deby© temperature was calculated from the 

relation 

K = 3 'f- ^ ) ' 

where waa the relative error in n. 
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V. RSSIJLTS 

Calibration data for the resistance thermoineter with the 

addenda and with the addenda plus bronzes having x equal to 

0 , 5 ' 6 ,  0 . 6 5 »  0 . 7 3 ,  0 . 8 1  a n d  O . 8 9  a r e  g i v e n  i n  T a b l e  1 - 6  

respectively. A typical calibration curve is shown in Figure 

7. Uncertainties in teinperaturea due to uncertainties in 

the various measurements comprising a temperature determina­

tion are shown as vertical lines in Figure 7* The values of 

the parameters a and b in equation (li|) for the various runs 

are listed in Table 7 in the order in which the run? were 

rsade • 

Data obtained from the heat capacity measurements on the 

addenda are tabulated In Table 8. Since the measurements on 

the addenda and the samples were not made at the same temper­

atures, it was necessary to smooth the addenda data to combine 

with the data on the samples. The heat capacity of the 

addenda has been plotted in Figure 3. The values of taken 

from this curve were used in equation (l3) to calculate the 

heat capacitlea of the samples. 

Data obtained from the heat capacity meaaiirements on 

the addenda plus bronzes having x equal to 0.56, 0.65» 0,73* 

0.81 and 0,39 are given in Tables 9-13 respectively. 

The columns are average temperature, T^^gl change in temper­

ature due to heating, TJ the gross heat 

capacity, q/a T ® Ggj and the heat capacity of the sample. 
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Table 1. Calibration of theritiometer with addenda. 

R 
(ohma) 

% 
(^K.) 

P 
(mm. of Hg) (°K.) 

113.05 
120.82 
129.62 

k.l87 
4.029 
3.B73 

743.89 
636.51 
543.19 

4.188 
4.028 
3.873 

.001 
-.001 
.000 

lli^.O? 
I6l|..12 
191.02 

3.644 
3.4.21 
3.178 

421.62 
322.92 
234.80 

3.64.2 
3.417 
3.174 

-.002 
-.004 
-.004 

226.06 
273.01 
367.69 

2.9i|.2 
2.715 
2.415 

167.49 
115.54 
64.65 

2.941 
2.714 
2.408 

-.001 
-.001 
-.007 

432.00 
622. ill-
1118.0 

2.277 
2.013 
1.692 

46.80 
22.52 
6.997 

2.261 
I.98I 
1.650 

-.016 
-.032 
-.04.2 

Tabl© 2. Calibration of thermometer with sample. 

E To P 
(ohms) (®E.) (mm. of Hg) (°K.) ?°K.) 

112.36 
121.82 
134.58 

4.200 
4.006 
3.788 

750.06 
622.81 
496.10 

4-.197 
4.006 
3.788 

-.003 
.000 
.000 

158.29 
183.58 
222.49 

3.475 
3.228 
2.951 

347.27 
253.22 
169.24 

3.477 
3.229 
2.948 

.002 

.001 
-.003 

275.02 
320.12 
490.27 
909.12 

2.693 
2.532 
2.163 
1.779 

111.32 
81.64 
35.08 
10.34 

2.693 
2.524 
2.14.1 
1.749 

.000 
-.008 
-.022 
-.030 
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Table 3* Csllbratlon of thermometer with Na-o.65'^*®3 

R 
(obas) (o|.) 

p 
(ram. of Hg) 

T551B 
(°K;) '^55^-% 

(OK.) 

112.17 
126.10 
137.54 

i|.194 
3.939 
3.746 

747.32 
576.48 
474.09 

4.193 
3,930 
3.746 

-.001 
.000 
.000 

161.05 
189.20 
223.11 

3.4|9 
3.186 
2.953 

336.06 
238.54 
170.69 

3.450 
3.185 
2.954 

.001 
-.001 
,001 

267.39 
317.12 
379.93 

2.731 
2.54? 
2.376 

118.95 
8k 52 
5S'.62 

2,731 
2.542 
2.362 

.000 
-.006 
-.014 

928.64 
1159.61 m 

9.931 
6.426 

1.739 
1.629 

-.035 
-.038 

Table 4» Calibration of thermometar with Eslqsample. 

R Tr P T55E T3'5E-TR 
(ohma) (OK.) (mm. of Hg) (°K.) (®K,) 

112.23 
120.47 
134.96 

4.202 
4.029 
3.777 

746*53 
634.04 
490.29 

4.192 
4.024 
3.777 

-.010 
-.005 
.000 

150.33 
175.16 
199.92 

3.563 
3.295 
3.091 

335.94 
277.57 
211.25 

3.565 
3.299 
3.093 

.002 

.004 

.007 

23S.63 
274.22 
329.20 

2.856 
2.686 
2.494 

148.02 
111.35 
77.35 

2.863 
2.693 
2.497 

.007 

.007 

.003 

4.16.78 
538.25 
705.73 
938.22 

2.280 
2.08k 
1.908 
1.751 

43.62 
29.20 
16.954 
9 *60 2 

c • 2 / 0 
2,072 
1.890 
1 . 7 3 1  

-.002 
-.012 
-.018 
-.020 
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Table 5. Callbratioa of thenuoineter v/lth NaQ^g]_W03 sample: 

R 
(ohms) 

% 
(Deg. K.) 

P 
(mm. of Hg) 

^55E 
(Deg. K.) 

'^55B-^R, 
(Deg. K.) 

113»62 
123.1j.l 
135.01 

i|.,206 
It-. 007 
3.800 

755.08 
622.38 
502.55 

4.204 
4.006 
3.800 

-.002 
-.001 

.000 

150.22 
166.57 
139.08 

3.596 
3.5-09 
3.203 

399.38 
319.10 
2l|Ji..90 

3.^4 
3.408 
3.204 

-.002 
-.001 

.001 

221.08 
25I1..5I1. 
300.33 

2.979 
2.799 
2.612 

176.81 
132.86 

96.27 

2.977 
2.796 
2.612 

-.001 
-.003 

.000 

575.23 

2.11,21 
2.223 
2.059 

65.47 
II1.23 
26.35 

2.414 
2.207 
2.035 

-.007 
-.016 
-.024 

777.09 
1110.16 
1695.88 

1.872 
1.687 
1.508 

14.II.1 
7.069 
3.041 

1.842 
1.652 
1.476 

-.030 
-.035 
-.041 

Table 6. 0 alibi* at ioa of themoineter with Nao,g(^W03 sample. 

R 
(ohms) 

P (OE.) 
P 

(jnm, of Hg) (ol?! 
T5'5E~TR 
(OK.) 

112.15 
121.23 
136.20 

4.202 
4. op 
3.760 

754.76 
628.11 
480.18 

4.203 
4.013 
3*1 SB 

.001 

.000 
-.002 

152.93 
178.60 
202.30 

3.535 
3.269 
3.080 207.45 

3.540 
3.273 
3.085 

.005 

.004 

.005 

236.51 
271.33 
316.32 

2.871 
2.707 
2.543 

151.04 
114.07 

84.88 
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Figure 7. Therrioraeter gallbration in addenda. 
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Tabl© 7« Calibration equation constants. 

Run a b 

-0.63935 0.65115 

Addenda -0.62427 0.64508 

»ao.65^Q3 -o.63081 0.64831 

•^^^0.56»®3 -0.63608 0.65092 

•^^^0.89^^3 -0.63579 0.65091 

SlaQ ̂  73*^^^3 -0.64505 0.65535 

Tabl© 8» Experimental values of Co for addenda, joules-
deg"l X 10^. 

I1..213 0.186 1.313 
4.021 0.207 1.630 
3.82i|. 0.132 l.i^82 

3.62^ 0.202 1.336 
3.1^-39 0.11+2 1.212 
3.272 o.i5i|. 1.118 

3.106 0.133 1.035 
2.932 0.14.7 0.937 
2.805 0.198 0.869 

2.7it3 0.20i|. O.8I4.5 
2.675. 0.212 0.813 
2.563 0.231 0.71^-6 

2,li.ij.l 0,201 0.636 
2.309 0.152 0.629 
2.173 0.139 0.573 

1.995 0.150 0.510 
1.794 0.169 O.fe 
1.595 0.194 0.394 
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Figure 3. Heat capacity of addenda. 
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Table 9» Experimental values of C for joules-
deg*"^-mole~^ x 102, n » 0.8563 moles. 

'^55E AT c 

if. 059 0.208 2.812 1.3ii-2 

3.867 0.223 2.565 1.236 

3.700 0.li|,l 2.383 1.167 

3.565 0.152 2.210 1*066 

3.i|-30 0.132 2.036 0.959 

3.295 0.li|_0 1.919 0.913 

3.137 0.152 1.768 0.3ij.l 

2.957 0.168 1.599 0.757 

2.311^, 0.181 l.li.86 0.712 

2.7i|l 0.189 1,14.23 0.685 

2.651 0.201 I.33Q 0.614-3 

2.537 0.220 1.223 0.576 

2.I4.20 O.lp 1.159 0.561}. 

2,323 0.157 1.093 0.536 

2,208 0.135 1.017 0.503 

2.078 0.114.9 0.921 0.{4i4.6 

1.917 0.163 0.8i|2 0.14.13 
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Tabl© 10* Sxperlaiental values of C for NaQ Ai^WOo, joules-
deg"*^-raol©""^ X 10^, n » 0.3395 moles. 

%5E AT C 

!|...il^o O.I9I4. 3.016 1.516 

3.952 0.216 2.709 1.357 

3.739 0.237 2.1I.69 1.260 

3.5i|-9 0.151 2.228 1.121 

3.386 o.i6i}. 2.051 1.026 

3.225 O.lii.1 1.908 0.9ii.9 

3.067 0.154 1.7i|.7 0.873 

2.887 0.172 1.5611- 0.77if 

2.797 0 . 1 7 9  1.505 0.760 

2,706 0.189 l.i|.25 0.72ii. 

2.588 0.205 l.3li+ 0.665 

2.1|,59 0.139 1.236 0.647 

2.3i|.l 0.153 1.123 0.573 

2,192 0.11^.0 1.022 0.527 

2.016 0.150 0.916 0.l!-73 

1.79l^ 0.176 0.780 0.392 
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Table 11. Bxperlaidntal values of C for joulea-
deg'^-mole"^ x 10^, n " 0.8133 moles. 

^ T c 

)|.090 0,208 2.801 1.351+ 

3.903 0.228 2.556 1.250 

3.739 0.lij3 2.352 1.150 

3.609 0.151 2.233 1.111 

3.I4-66 0.162 2.076 1.025 

3.326 0.139 1.9I4-O 0.91+5 

3.191 o.ii|.9 1.808 0.891 

3.0if2 0.162 1.660 0.811 

2.875 0.176 1.529 0.759 

2.719 0.189 l.i|.2l| 0.733 

2.61|,.2 0.201 1.339 0.679 

2.5i}.0 0.213 1.26i| 0.651 

2.ii-37 0.ll>2 1.203 0.635 

2,303 0.151+ l.lll}, 0.571 

2.254 0.130 1.052 o.5i|-6 

2.II1-3 0.1J4.1 0.975 0.505 

1.991 0.155 0,337 0.1+59 

1 01 q 
• >• ^ -T''- 0.167 0.819 o.i+30 
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Table 12. Experimental values of C for MEQ Q^yiO^t joules-
deg-l-mol©-! x 10^, n » 1,002 moles. 

(II?! 
C 

0,161 3.505 l*7k9 

3.968 0.175 3.225 1.639 

3.763 0.195 2.39i|. I.I162 

3.525 0.212 2.662 1.386 

3.302 0.134 2.393 1.2I+9 

3.126 0.120 2.138 i.09i{. 

2.935 0.133 1.930 0.988 

2.81|5 0.138 1.852 0.957 

2.763 o.ii|.5 1.768 0.918 

2.666 0.339 1.636 0.838 

2.62if 0.155 1.657 0.881 

2.il.67 0.0870 1.1^92 0.793 

2.14.08 O.lllj, l.ii.23 0.750 

2.39I+ 0.225 l,i}.02 0.736 

2.279 0.12I1 I.3O8 0.692 

2.110 O.OBlli 1.196 0.61^5 

1.953 0.123 1.079 0.579 
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Tabl© 13» Experirnerita] values of G for MEQ joules-
dag-l-mol©"^ X lO^j n = 0.9135 <'noies. 

T55S AT Cg c 

1,1... 166 0.178 3.279 1.653 

3.987 0.193 3.032 1.569 

3.795 0.203 2.825 1.502 

3.627 0.128 2.618 i.l}.05 

3.i+9i|- 0.138 2.i|.39 1.297 

3.3i|-6 O.1I4..8 2.277 1.216 

3.13I|. 0.159 2.117 1.1I4.1 

3.009 0.174 1.932 l.Oij.3 

2.7i|.5 0.197 1.710 0.995 

2.667 o.i6ij. 1.636 0.920 

2.590 0.17i|. i.53i|- 0.867 

2.1|.93 0.137 i.li.36 0.796 

2.373 0.200 l.3i|-3 0.752 

2.214,0 0,13s 1. 2I4.3 0.705 

2.122 0.li|.7 1.163 0.667 

1.963 0.161 i.o6i|. 0.615 

1.869 0.172 0.995 0.571 
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Table 1I4., Electronic specific heat and Debye temperature of 
aodium tungsten bronze. 

Sample Yx lo3( joules-fflole~^' -deg-2) ©33 (°K.) 

Iao.56W03 1.760 ± .022 i|-53.5 t 3.7 

Ha0,65103 1.922 + .019 ii49.2 ± 3.0 

Nao,73W03 2,050 ± .019 496.7 ± ii-*6 

2.557 ± .032 i|-53.7 t 5»l 

0,8 9^*'® 3 2.819 + .027 505.1 ± 6.3 

(Gg - Ca)/n = C. 

If C/T is written as a function of T^, equation (1) 

yields a straight line with intercept T , and slope ^ . 

The data for the five bronzes are plotted in this way in 

Figures 9 - 13- It is aesn that a straight line is a good 

approximation to the data for all five samples. The con­

stants of th© lines and their probable errors were determined 

by the method of least squares as previously discussed. 

These derived quantities are given in Table li4-. 

Errors in a heat capacity determination at a temperature 

T may arise through uncertainties in measureinents of the 

energy supplied to the sample, the mean value of the texnper-

ature, and the temperature rise of the aaiqple. 

The energy which was supplied to the sample was deter­

mined by measurements of heater current and potential drop. 
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Pigur© 9. Heat capacity of Nao^^6W03. 
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Figure 10» Heat capacity of 
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PigOTe 11. Heat capacity of MaQ^y^WO^. 
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Plgiira 12. Heat capacity of Nag,31*0^. 
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FigiJPe 13* Heat capacity of 
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and time of heating. A3.1 of these quantities had unoertain-

tlea of leas than 0»05 per cent, and were therefore not 

significant sources of error. The fact that the sample 

surrounded the heater Insured that all of the energ^^ supplied 

entered the sai^le. 

Errors in the mean temperature of a heating period can 

arise from uncertainties in the thermometer current and po­

tential drop, and from inaccuracies in the calibration. The 

uncertainties in the electrical measurements were leas than 

0.05 per cent. Errors arising from the graphical interpola­

tion of the temperature calibration curves have been esti­

mated to be less than 0,1 per cent except at the lowest 

temperatures. Errors in heat capacity Introduced by the 

uncertainty of the temperature scale are expected to be 

everywhere less than 0,5 psr cent. 

The uncertainty in the temperature rise due to heating 

introduced the largest soiarce of error in the experiment. 

This was due mostly to uncertainties in the initial and final 

resistances obtained from the resistance vs. time plot. At 

the lowest temperatures, the drift rates were large, thus 

increasing the uncertainty in the extrapolation. The errors 

in heat capacity due to this uncertainty in extrapolation 

have been estimated to be lesa than one per cent except at 

the lowest temperatures. 

The errors that have been estimated above yield a total 

uncertainty of 1.5 P®r cent or less in a heat capacity deter­
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mination. Due to the small lattice heat capacity and high 

molecular weight of the bronzes In addition to the reqvdre-

ment of containing thorn in a can, the heat capacity of the 

addenda was comparable to that of the samples. This intro­

duced an additional source of error of leas than" 1.5 per cent. 

The total absolute error in the teat capacity of the bronzes 

was therefore ©atiwated to be leas than 3 P®!* cent. 
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VI. DISCUSSION 

To obtain the density of electronic energy levels at 

the Permi energy from the electronic specific heat, equation 

(10b) was rewritten aa 

(19) g( fp) = 3Tn/T/'^lcRz 

For the bronzes, z = x and n - x/a^, where a is the lattice 

parameter. Substituting these quantities and the numerical 

valuea of the physical constanta into equation (I9} gave 

(20) g( £p) = 1|..2i|.2( 10^6) T/a3 (energy levels-e.vr^-cm"^). 

In this equation Y must be given the units of joules-mole"^-

deg"^, and & must be expressed in Angstroms, Hence, the 

data will yield the density of states at the Permi level aa 

a function of xj or alternatively, as a function of n since 

X « na3, A plot of the density of states as a function of 

energy can be mad® if it Is assumed that the shape of thla 

curve does not vary with sodium concentration. 

In order to determine the energy corresponding to a given 

value of electron density a, equation (1|) was differentiated 

to give 

(21) dn - g( £ ) f ( ̂ ) d e . 

It was then assuined that f ( ̂ ) "1 for all energies less than 

the Permi energy and zero for all other energies. This as­

sumption is strictly true only for T » 0®K., but the maximum 

experimental temperature of ij-.2®K. would not be expected to 

cause signifleant deviation from this assumption. Rearranging 
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equation (21), writing the density of states as a function of 

n, and integrating between limits gave 

c2 92 
(22) \ ^ dn/g(n) 

"l H 

and ^2 energies corresponding to electron densities 

n^ and 1I2 respectively. Therefore, if l/g(n) is plotted as 

a function of n, the area under tills curve bejtvveen any two 

values of n corresponds to their energy difference» This 

graphical integration ia shown in Figure 1I4.. The area 

increments were chosen small enough so that the trapezoidal 

rule gave an accuracy in accord with the data. 

The density of states as a function of (£ - £^0) la 

plotted in Pigurs l5» Eq energy corresponding to 

the lowest experimental electron density, and cannot be 

given a numerical value without making some additional as­

sumptions • 

As previously mentioned, the construction of the den­

sity of states curve la baaed on the assumption that this 

curve ia the same for all of the bronzes. In order to test 

the validity of this assxanption, the detailed behavior of 

the density of states must be studied. If it is assumed that 

each electron In the crystal can be characterized by a wave 

propogation vector k, each point formed by the tip of one of 

the k vectors may be regarded as a possible electronic state 

for the system. On this model it can be shown (I4-9) that the 

number of states per unit volume per unit energy is given by 
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Plgur® lit-. Curve for graphical integration. 
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Plgixre 1$, Density of states curve. 
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the surface integral 

(23) gXE) ' r^2 

Jl grad^£(k)f 

In which dS la the differential area of the surface of con­

stant energy in k space, and £(k) is the electronic energy. 

In order to determine the effect of a change in sodium 

concentration on g (£)> th© perturbations on the constant 

energy surface and on the electronic energy caused by the 

addition of sodium must be considered. Such perturbations 

might arise because varying x in the formula Ha^^WO^ changes 

not only the electron density, but also changes the potential 

field in which the eleetrona move by changing the density 

of sodium cores. 

The lattice periodicity gives rise to the zone structure 

of a solid, which influences the surface of constant energy 

and hence the density of states. The zone structure is a 

function of crystallographlc symi»try and interatomic spacing 

only. The cubic bronsses all have the perovaklte structure 

with tungsten at {»). oxygen at (MO), (|0i) and {0M)» 

and sodium sites at (000). The sodium sites have a probabil­

ity of occupancy equal to x, but the crystallographlc sym-

ffletry remains the ssme for all x if the sodium distribution 

ia randoBi. There Is no experimental evidence to indicate 

other than a random sodiu® distribution. Therefore, if the 

small change in lattice parameter is neglected, the Brlllouln 

ssone structure of the cubic bronzes is unchanged by varia-
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tlona In sodlura. concentration. 

The effect of the sodium core density on the gradient 

of the electronic energy la mors subtle. In order to obtain 

the energy as a function of k, some aimplifying model of a 

metal must be adopted. By employing the cellular approxima­

tion with Bloch one-electron wave functions, the energy la 

found to be given by 

(24) £* <fo +h2k2/2tn^ 

The gradient of this expression can b© influenced by the core 

density only through the effective maaa since all other 

effects of the lattice are included in the constant £Q term. 

This treatment is quite crude, and would be expected to 

break down badly at values of k near a zone boundary. Aa 

diacussed previously, attempts to refine this approach have 

resulted in greater divergence between theory and experiment 

unless a shielded Coulomb potential is employed (35)* The 

recent work of Bohai and Pines gives some justification for 

using such a potential on the basis of tl"ie collective cor^ 

related description of electron motion. Using this approach. 

Pines (50) calculated the effect of the lattice on the elec­

tronic energy and concluded that the terms in the electronic 

energy equation which are dependent on the lattice tend to 

cancel on© another. To thl^ approximation the construction 

of the density of states curve for the bronzes is justified. 

It most, any effect should be small and vai*y smoothly with 
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sodium GGncQntration. 

Tb© sudden rise In the density of states curve (Figure 

l5) was not ©xpectecl, and is quite different from the para­

bolic shape predicted on the basis of simple free electron 

theory. On© simple model w'lich Is consistent with the 

observed results is based on the filling of a zone in k 

space. The Permi energy increases with the density of elec­

trons as the sodium concentration of the bronzes is increased. 

For small values of £' the contours of constant energy in k 

space are spheres, so that gi S) Is proportional to As 

^ approachea the energy corresponding to a zone boundary, 

the contours deviate froTR spherical ahape, and g( ) increases 

more rapidly than until It reaches a maximum when the 

contour Just touches the boundary. On this model, the zone 

boundary has not yet been reached at the highest experimental 

point because g{6) is still increasing. The concept of a 

2son@ becoming full may account for the difficulty found In 

preparing bronzes with high sodiiam concentrations, especially 

if there is a large energy discontinuity at the zone boundary. 

Consideration of the effective electronic mass presents 

a slightly different way of approaching the problem. The 

ratio m'^/m can be calculated by taking the ratio of the ob­

served electronic specific heat to the value calculated from 

the Soffliaerfeld formula, equation (13). The effective mass aa 

a function of sodim concentration is shown in Figure l6. The 

rise is quite sharp, and it would be difficult, if not iinpos-
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Pigur® 16. Variation of effective mass wltn sodium concentration. 
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alble, to take enough experimental points to establish 

whether this Is a sraooth curve or if there is a discontinuity. 

An alternate interpretation of the data la presented by the 

effective mass approximation* To wit, that the density of 

states for each bronze is parabolic with a curvature defined 

by the effective mass. However, this conclusion la incon­

sistent with the fact that the density of states should at 

most be a siiapl©, slowly varying function of sodium concen­

tration. On the other hand, the change in effective mass ia 

consistent with the idea of a zone becoming full. The ef­

fective mass, which is inversely proportional to the curva­

ture of the £ vs. k curve, would be expected to increase 

rapidly near a zone boundary. 

In approxliaation of the complete density of states curve 

can be drawn by extrapolating the linear portion of the ef­

fective mass vs. sodium concentration curve to x » 0. The 

equation of the line is 

(25) mVffl = 0.535x -+-1.190 

Since x is known as a function of electron density n, this 
equetion becomes 

(26) m^/m = 3.125(10~23)n l.lSO 

Under the assumption that equation (26) is valid, the density 

of states la given by the free electron result using this 

value for electronic mass. 
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(27) g(n) = IlEIMLI OVSTT)^ = A(mVBi)n^ 

In this aquation A includes all of the physical constants and 

is equal to l|* 115(10^^) 0.-vr^ Therefore, the energy 

ill electron ¥olts corresponding to any n In the linear por­
tion of Pipure l6 la 

n n 
f Z C dn - 1 r dn 

; gTST ' 1 ) (mVin>n"' 
o o 

(28) 

£ -  i  ^  p.l2^(10-23)n + 1.180 } n'^^ 
Thla lntee?:*al can be coiivex'ted to a tabulated form by making 

the substitution u3 -t n. This reduces equation (23) to the 

form ,j 

(29) 6=1 C """ , . 
y a -hbu^ 
o 

with a = 1.180 and b » 3.125(10~23). 

With n « 0,996(10^^)» the value for x = 0.56, equation 

(29) gives an energy of 1.299 electron volts. This is the 

value of In Figure l5 on the basis of this approximation. 

By calculating the density of states from equation (2?) and 

the corresponding energy froru equation (29) for energies 

below 1.299 ©lectron volts, a complete density of states curve 

can be drawn. This curve is shown in Figure 17# 

The interpretation of the density of states curve in 
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Figure 17» Complet© density of states curve. 
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terms of the filling of a zone is only on© possible explana­

tion of the data. An equally plausible Interpretation could 

b@ made in terms of an overlap In the band structure. A 

theoretical calculation of the band structure of sodium 

tungsten bronze might be able to establish whether or not 

either interpretation la reasonable. Such a calculation may 

prove to be quite feasible because of the high degree of 

ayiEsetry of the bronzes. 
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