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ABSTRACT

The design and operation of a calorimeter for use in
the temperature range 1.8-l.2°K. are presented, and the
methods used 1n the treatment of data and calculation of
results are discussed.

The heat capacitlies of several sodium tungsten bronzes
(NaxWOB) were determined in the temperature interval 1,3-
L,29K., Semples having x equal to 0.89, 0.81, 0.73, 0.65
and 0.56 were studied., The messured heat capaclities are
described adequately by the sum of two terms, one linear and
one cublc in tempsrature. The electronic specific heat of
each sample is obtained by evaluasting the coefficlent of the
linear term, and the Debye charsacteristic temperature derived
from the coeffliclent of the cublc term.

Densities of one-electron energy levels at the Ferml
energy, and effective electronlc masses are calculated from
the electronlic specifiec heats. A plot of the density of
states as a function of energy can be made 1f it 1s assumed
tﬁat this curve 1s independent of sodium concentration.

The Justification of this assumption 1s discussed in the
light of current theories of the solid state. The denslty
of' atates curve rises rapidly at higher energles, and this
rise 18 Interpreted 1in terms of the filling of & Brilliouin

zone or of an overlap of two bands.



I. INTRODUCTION

The heat capacities of metals &t very low temperatures
(<4°%,) are of interest for two reasons. The first is that
the vibrational exclitatlon of the lattice becomes more sim-
ple and clear cut sinee fewer spurious effects and compllca~
tions enter., For example, the Debye approximation (1) and
the more exact lattlce theory of Born and von Karmen (2)
agree only at very low temperatures. The second reason for
conducting calorimetry below LOK. is to study the con-
tribution of the conduction electrons to the gross heat
capaclty of the metal. This electronic heat capaclity 1s
small compared to the total at &ll but the lowest tempersa-
tures.

The objective of this ressessrch was the determination
of the heat capacity of sodium tungsten bronze (HaXWO3) as a
function of sodlum concentration. The temperature range of
these experiments was 1.8-4.2%, The proposed measure-
ments were ol interest because the bronzes are unusual in
the respect that sodium, and hence conductlion electrons, can
be added over a considerable range without affecting the
crystallographic symmetry. This property insures that the
Brillouin zone structure is the same for all of the cublic
bronzes,

Meassurement of the electronic specific heat of a metal

will yield the density of ons-electron energy states at one



value of energy, namely the Ferml energy. In the bronges

it is possible to vary the Ferml energy by varying the
sodium concentration. Hence, an approximation of the den-
sity of states curve can be found for & portlon of the
energy apectrum, provided that the distribution of states is
not appreciably modified by changing sodium concentration.
Suech information should be valuable in the interpretation

and understanding of the electron theory of metals.



IT. REVIEW OF LITERATURE
A. Bodium Tungsten Bronze

The sodium tungsten bronzes are non~stoichiometrie
godium meta~tungstate, ﬁaxWOB, where x varles from ¢ to 1.
At higher x (>0.3) the bronzes exhiblt the typlcally metal-
lic properties of luster and elsctronic conductivity. The
color changes through blus, viclet, red, and orange to
yellow &3 x is increased from 0.3 to 0.9. The wavelength
of the absorption maximum is & linear function of sodium
concentration (3). The color can be qualitatively explained
(3) on the basls of simple free electron theory.

The bronzes crystallize in the cubic perovsklite structure
(44) at all x greater than~0.3. Below x ~0.3 the structure
is tetragonal, and below x~0.,15 a lower symmetry structure
is obtained (5). Throughout the cubic range the lattice
parameter 1s a linear function of sodium concentration (3),
and this property permits a rapid anslysis for sodium.

Two independent studies (6, 7) of electrical resistivity
as a function of sodium concentration have shown & minimum
near x = 0,75, The Hall coefficient (7) was found to vary
inversely wlth the sodium concentration and to correspond to
one free electron for each sodium atom in the crystal. The
hypothesis of complete dlssociastion of sodium into positive
lons and free electrons 1is further substantiasted by magnetic

susceptibility messurements (8, 9), which show that sodium
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tungeten bronze ls weakly paramagnetic. Thus, the resistivity
minimum was attributed (7) to an anomalous maximum in the
electron mobility. Gardner and Dsnlelson (7) suggested the
possibility of ordering of the sodium lons at x = 0.75 (three-
fourths of the sites occupled) as an explanation of the
mobility maximum, but thermal expansion measurements (10)
cannot be interpreted in terms of an order-disorder trans-
formation. Recent studies (11) of resistivity as a function
of sodium concentration and anneal time have shown that the
regiabivity is a nearly linear function of sodium concentra-
tion at all temperatures after anneal,

Measurements of sodium diffusion (12) 1n sodium tungsten
bronze ylelded an activation energy considerably greater than
that expected on the basis of simple vacancy diffusion and
geometric considerations. An attempt (13) to interpret this
high activation ensrgy 1in terms of lonic bonding was quanti-
tatively unsuccesaful, but the calculations of total electro=-
static energy as a function of sodium concentration did
predlct the correct stablility range of cubic sodium tungsten

brongzge,

B. Hellum Calorimetry

For the purpose of determining the heat capacities of
wmetals at very low temperatures the calorimetric method of
Nernst and BEuken (1l.) has been almost universelly used. In

this procedure the sample 1s cooled to the desired tempera-
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ture, thermally isolated from 1lts surroundings, and the heat
capaéity determined by noting the temperature rises resulting
from succeasive measured additlions of energy. Most of the
early celorimetry at liquid helium temperetures was conducted
at the Leiden laboratory (15, 16). Later modifications (17,
18) of the design and techniques described by Keesom have

not altered the baslic method, but are concerned mainly with
efforts to reduce the heat leakage, to develop better ther-
mometers, and to improve the accurascy of the calculations.

The dynamical nature of calorimetry at liquid helium
temperatures requires that a thermometer csapable of ylelding
rapld temperature measurements be used. Resistance thermo-
meters ol leaded phosphor bronze (15), constantan (15),
germanium and silieon semiconductors (19), carbon resistance
cards (20), amorphous carbon (21), and carbon composition
resistors (22) have been used wlth varying degrees of success.
An 1ldeal thermometer would have the characteristics: high
temperature senslitivity, revroducibllity, and insensitivity
to measuring current and external flelds. Hone of the ther-
mometers developed to date combine all of these qualitlies to
& completely satlsfactory degree.

The resistance thermometers discussed above are all
gsecondary thermometers and must be calibrated agalinst a
sultable standard. The International Temperature Scale of
1948 (23) is defined only to the oxygen point, and so no

unlversally accepted scale exists in the ligquid helium region.



In an effort to arrive at a common temperature scale in this
low temperature reglon, members from cryogenic laboratories

in the United 3tates, (reat Britain and Holland met in Amster-
dam in 1948 and arrived at an "apgreed" helium vapor pressure--
temperature relation (2&) based on the best experimental
evidence available. During the 1955 Conference on Low Tem=-
perature Physlics in Paris, the inadequacy of the 1948 1iquid
helium vapor pressure--temperature scale wes discussed. The
Conference members recommended that s p-T relatlon calculatsd
by Dijk and Durieux (25) on & purely thermodynamic basis be
adopted for & new agreed scale to replace the 1943 aéale. As
an alternative to the Dijk~Durieux calculation, a scale based
on recent direct measurements of vapor preasure (20) was
recommended., The use of this latter scale requires that

vapor pressures be measured in certaln specified ways.
C. Heat Capacity Theory

At suffieciently low temperatures, experiment has shown
that the heat capacities of simple metals can be written as

the sum of two terms, one linear and one cubic in temperature,

(1) C“VT+€T3.

The term cuble in temperature 1ls that due to vibrations
of the constituent atoms asbout thelr equilibrium positions.
A detailed explenation of thilis term reQuires g knowledge of
the actual form of the vibrational spectrum of the solild.

This problem 1s quite thoroughly treated in the recent book



by Born asnd HWuang (27). The approximate theory of Debye (1)
considers a crystal as an elastic continuum, and allows no
frequencies greater than a maximum \J;E. Heat capacities
calculated from this theory, after choosing Ng;to best it
experiment, are in close agreement with experiment despite
the ¢rude nature of some of the approximations made., Debye's
theory predicts a 73 temperature dependence of the lattice
heat capecity at sufficlently low temperatures. The coef~-

ficient of this term is
(2) B = 12/5 rhor(1/6 )3

where R is the gas constant, n is the number of atoms per
formula weight in the crystal, and 6 p 1s the Debye charac-
teristlc temperature defined a&s 6p = hf(@/k, h and k being
Plank's and Boltzmannts constants respectively.

" The term linesr in temperature in equatlion (1) arilses
from the electrons in the metal. The origin of such a term
was first accounted for by Sommerfeld (29) by applying quan-
“tum statlstlcs to an electron gas., If g (£) is the density
of one~electron energy states per unit volume, then the
total energy per unit volume E, and the electron density n

are given by

o

(3) E = n&= ggsg; (£) r{g)ag,

) n= gg(f)f‘(E) aE .
(]

Here £ is the averape energy per electron, and f£(£) =



1/(1 + exp( € = &)/kT) 1is the Fermi-Dirac distribution func-
tion, ¢ being a normalizing factor commonly called the
Ferml energy.

Defining two functions of energy F(Z) and G(£) as

£
F(E) = gfgié)dt’ G(€) = (Egg(s)dg ,
and cﬁlculatigg their first and second dariv;tives
Fr(g) =€g(€) _ cr(g) = gl(g)
F11(€) = g(€) + &x'(€) Gri(g) = (&)

reduces equations (3) and () %o

]

{F'(S)f(ﬁ)d?

(=]

gaG’(E)f(S)d & .

1]

(5) E

i

(6) n

It can be shown (30) for the case of kT« ¢ that

o2

gF"(E)f(Od € = F(E&) + (T xT)? F"(E)/f)/ F eeenes .
(] E:g,__

Fourth and higher order terms are neglected. F(&) can be any

functlon of energy. This reduces equations (5) and (6) to

&
(7) E =F(é)+(7TkT)2F"(£)/6/ = (E&(C)dS
E€=§ 5 .
+ (memse [e)+eer (e)]
SO
(8) n = 6(¢&) +(7Tkm)26"(£)/6fg = ga;( €)a &
8z -

=

+ (TxT)e/6 gt (E)/8 .

Differentiation of (7) with respect to temperature will



yleld Cgp» the alectronic specific heat per unit volums,

(9) C,y = & 8( &) &/ar +11%£...I [g(£)+£g'(e)]

E:gF
*f*gjg]fﬁ?- [2@;'(64— ég*‘(s)] [dc‘é/d’r] .
| €= £,
In order to evaluate d &/4T, equation (8) 1s differentiated
with respect to tempersture, glving
dn/dT = 0 = g( &.)ad &/4T f[(vrkm)?-gn(é)/é] a &/aT

E=g/:

+ Rrge)/3]

1
212 o
Q&/AT = - 7k=Tg! (€)/3 [g(g) F U7 ETTE gn(ﬂfb] .

The second term in the denominator 1s small compared to the
first and may be neglected. Substituting this result into
equation (9) gives
(108) Cg1 = 1 21®Te( &)/3 + TF;{ang*(E)/B/ -

E:g/r

nﬁkzg‘l‘g'(i)/:i/ 4+ higher order terms
Ex¢,

(10b) Ce1 = 72%2mg( /3 v . 1 Nk ke

per unit volume, after neglecting the higher order terms.
Multiplying equation (10b) by the molar volume will yield the
electronic heat capaclty per mole, ooheE S
(11) ¢, *= 7PHRzg(&)/3n = YT .

In thia equation 2z is the number of conduction electrons per
formule weight., This theoretlical prediction of a linear de-

pendence of electronic specific heat on temperature ls con-
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firmed by experiment.

| By further assuming that the potentlial field acting on
an electron in motion inslide of a metal 1s & constant (simple
free electron theory), the density of states is found to be

(31) gle) = C£% per unlt volums, where
3
¢ = lur(a’m)/i/h3 = (/&) 3n/2

Here & 1s the Fermi energy at absolute zero. Equation (10b)
then reduces to

(12) ¢,y = RE°n1/2 £°

per unit volume; or, per mole

(13)  Cqp = 1PKZRT/2&° .

It 1s assumed that E;: & . Bquaetion (12) is often referred
to as the Sommerfeld equation.

From & quantum mechanical viewpoint, fthe use of the
denslty of one-electron states demanda that the totel elec-
tronic wave function be composed of one-electron wave func=-
tions. The usual method of obtaining the total wave function
is to use the Hartree approximation (32), which neglects all
interactlions between elsctrons. This 1s equivaslent to the
free electron gas approximation of Sommerfeld (29) in pre-
dicting electronic behavior.

It 18 known that electrons interact, but the extent to
which this interaction controls thelr motion 1s not known.
Exchange interactions can be taken into account by use of the

Hartree-Fock approximation (33). Howsever, this leads to a
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temperature depsndence in the specific hest not in accord
with experiment (3l, 35). Wigner (36) has suggested that
Coulomb correlations will counteract the exchange correction,
and so the qualitative agreement with experiment obtained
with the simple Hartree ax@rasaion is restored. Attempts to
graft @1actrmn4phonon interactions (37) onto the independent
electron model have proven unsuccessful in predicting the
correct temperature dependence of the speclfic heat,

A quite different approach (38, 39, LO, L41) which
emphasizes the collective correlated character of the elec-
tron motion, ylelds more consistant results. The correlated
electron motlon, corresponding to collectlve oscillatlions of
the system as a whole, is conslidered at the outset of the
theory. This model leads to the conclusion that the descrip-
tion of the electrons as a system of independent particles
is often quite appropriaste. This concluslion results because
the effective interaction between electrons turns out to be
a screened Coulomb law of force with a range approximately
egual to the inter-slectronic spacings. Thus, it 1s physical-
1y plausable to treat the electron system as a group of
almost independent particles once the long range correlations
which lead to thils screening have been taken into account.

A linear temperature dependence of the electronic specific

heat is predicted in agreement with experiment.
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ITI. MATERIALS AND APPARATUS

A, WMaterials

l. Preparation of samples

There 1s no phase dlagram available for the sodium
tungsten bronzes. Conse@uently, most of the iInformation
concerning thelr preparation is quallitative in nature. The
methods whilch have been successfully employed involve re-
duction of & sodium tungstate or sodium tungstate~tungsten
(VI) oxide melt. Reducing agents which have been success-
fully used (3) include hydrogen, tin, zine, iron, phosphorous,
and tungsten metal, RElectrolytic reduction has also been
employed (3). Solld phase reduction with tungsten metal
appears to give ths most nearly stolchiometric feaction,
and hence the most predictable composition of bronze. How~-
ever, thlis method was not used in this investigatlion because
of the possible introductlon of free tungsten which has a
very large slectronic specific heat.

The samples for thls study were prepared by cathodle
reduction. A mixture of sodium tungstate and tungsten (VI)
oxide in a porcelain crucible was fused, and electrolyzed
at an e.m.f's of less than 1 volt. The electrodes were
graphite (anode) and nichrome (cathode). It was found that
bronzes having sodium concentrstions between 0.56 and 0.92
could be grown by decreasing the WO3 from 50 to 20 mole per

cent. Attempts to grow bronzes having x less than 0.56 by
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inersasing the WOB to more than 50 mole per cent always re-
gulted in blue needles which had tetragonal symmebtry and x
less than 0.3. The reason for this inabillty to obtain cubile
bronzes below x = 0,56 1s not understood. Attempts to in-
crease x above 0.92 by using wmore than 8C mdle per cent Nagwoh
always resulted in no crystal formation. This observation
1s also not understood. Cuble erystals measurlng one centi-
meter or more on an edge were grown. The perfection obtained
increased with decreasing current density.

After growth the bronzes were broken up into smsall
pleces (10-60 mesh) and cleaned by successive treatment with
boiling water, aqueous ammonis, concentrated HCl, and agueous

HF .

2. Analyses of samples

The mole fractlon of sodlum in the bronzes was obtained
by an x-ray determination of thse precision lattice parameter.
It has been found by several lnvestigators (3, 5, lj2) that
Vegard's law holds throughout the cublc range of the bronzes.
The following linesr relatlonshlp between lattice pearameter
and sodium concentration was used in this study.

a5 = 0.0820x + 3.78L45
In this equation a, 1s the precision lattice parameter in
Angstroms and x 1s the mole fractlion of godium in the formuls
HaxWOB. Comparisonsof this equation with chemical analysis

in this laboratory have indicated an accuracy of 0.02 in the



value of x.

A back reflection powder camera and nickel flltered cop-
per radlatlon were used, Five KQ& and five Kd» reflections
were obtained. The lattlce parameters calculated from these
ten reflectlions were plotted against the function %(00329/
sin © +—c0329/9) suggested by Nelson and Riley (43). Geo=-
metrical and absorption errors are minimized by extrapolating
tte lattice parameters obtained Irom several reflections to
a Bragg angle of 90°, For the bronzes (12) it has been found
that plotting the lattice parameter against the Nelson-Riley
fﬁnctian yilelds & more nearly linear extrapolation than

plotting agalinst cos?s,
B. Apparstus

1. Vechanical features

8. Calorimeter. The general design is indicated in

Figure 1. The cryostat was suspended from a rectangular brass
plate P (26"x8"x1/L") which in turn was firmly supported by
wall bracketa., The llguid helium was contailned in the inner
Pyrex dewar vessel (34" long and L™ I.D.) which had a ring
gseal I, inches from the top. A vacuum tipght seal was made
between the inner dewar and cap C by means of a rubber gasket.
The inner dewar rested in & spherically hollowed out balsa
wood ring which was supported from plste P by three thin steel
cables and springs attached to evenly spaced turnbuckléa TB.

The outer Pyrex dewar vessel (LO" long and 7" I.D.) contained
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liquid nitrogen. and rested on a table which could be elevated
and locked into position. Hach dewar was strip-silvered so
that the helight of the liquid helium could be seen.

Two pumping systems designated as PS~l and PS-2 are
ghown in Figure 1. The first was used to evacuate chamber
CH. It was an all metal syastem and among 1ts components were
a Welch No. 1405 fore-pump, an H~2-P purifying diffusion pump
(50 1iters/sec at 1 micron), a cold cathode gage tube, and
a8 connsctlon to stopcock 2 of the glass menometric system. A
side tube between the fore-pump and diffusion pump permltted
connection to an external system such as a leak detector.

The second pumping system served to reduce the pressure over
the helium bath, This second pumpling system was providsed

with a Pulton sylphon valve in the main lins plus a needle
valve and a Cartesian diver manostat M5 in the by-pras line.
Also provided was an atmospheric outlet, a mechanical pres-
sure vacuum gage, and an inlet from the helium line. The pump
was & Kinney Model DVD 8810 (110 cubie feet per minute at 1
atmosphere).

The cap assembly was comprlsed of a brass cap into which
the inner dewar fltted, a monel tube which was anchored to
the plate P, and a8 bronze T-Iitting. The T-fitting was pene-
trated at the top by a one-half inch stainless steel tube
which served both as an evacuation tube and suspension for
the chamber CH. Extending upward from the cap was a brass

tube which served as & gulde for the refrigerant transfer



Flgure 1. Hellum calorimeter.
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tubs, This tube could be capped for operation under vacuum.
Also penetrating the brass cap was & one~fourth inch copper
tube extending upward to stopcock 3 of the glass manometric
aystem, and & vecuum Jackebted stalinless steel vapor pressure
thermometer which extended downward to the cslorimeter chamber
and upward to stopcock 1 of the glass manometric system. The
off-center arrangement of tubes in the cap assembly permitted
maximum use of the cap areea, Below the cap, the stalnless
steel tube was brought back to center. The double elbow
served as a radiation trep.

The celorimeter chamber (Figure 2) consisted of two
parts: an upper cover which was permanently soldered to the
stainless steel tube, and an outer can. The cover fltted
into a concentric well et the top of the outer can and s
vacuum tight seal was made with low melting indium solder,
The bulb B of the vapor pressure thermometer was permanently
soldered to the cover. A ring R around which electrical lead
wires were wound was fastened by three 2-56 screws to tabs
milled on the 1lnside of the cover, and the gold plated sample
can SC was suspended by fish line from three eyelets E on
the bottom of this ring. A gold plated copper dlsc D was
suspended between the eyelets and served as a radlation baf-
fle. The sample can had & threaded well in the top for in-
sertion of the resistance thermometer, and & heater wound
on a thin copper ring HR connected to the well by radial fins

F. The heater leads were brought out of the can through a



Figure 2. Calorimeter chamber.
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Stupakof'f seal, and a spring loaded cap C was fastened to the
bottom of the can by 2-56 brass screws.

be Manometrlc system. The manometric system ls shown

in Figure 3. All of the glassware was mounted on a plywood
panel (li'x5'x3/4"). The pressure of interest was introduced
through 8C-1 or 3C-3 and measuvred with the mercury mancmeter
MM, the oil manometer OM, or the McLeod gage MG. The mercury
manometer was made of 1l mm precision bore tubing, and was
illuminated by a fluorescent light behind the panel. The

oil (Nercoil 20) menometer was made of 8 mm preclsion bore
tubing.

The metering burette MB was used to introduce & known
volume of gas to the vapor pressure thermometer under any
desired pressure, It was provided with & mechanical pressure=-
vacuum gage and connectlons to the vapor pressure thermometer,
the high pressure helium line, the manometric system proper,
and fore-pump 2.

Helium exchange gas could be admitted to the calorimeter
chamber through SC-2, The four-foot length of one-quarter
inch copper tubling between 3C-2 and the valve on the chamber
pumplng tube served as a metering volume for exchange gas.

Kovar gzeals were used for all metal to glass connections.

2e Blectrical features

The electrical leads were #AG double sllk covered copper

wire. The leads entered the cryostat through a vacuum seal



Figure 3. Manometric system.
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made by cementing them between a brass ring and e glass plate
with Aplezon W. This vacuum sesl VS (Figure 1) was in the
room temperature part of the system, and was protected from
mechanical demage by a cover. The lead wires were brought
down the center of the stainless steel pumping tube and wound
twice around the ring R (Figure 2), which had been covered
with a layer of cigarette paper. The copper wires were then
soldered to #,0 menganin wires and the junctions brought in
thermal contact with the ring by using G. E. adhesive, The
manganin wires were wound twice around the ring before going
to the sample can.

Two curf@nt snd twoe potential leads went directly to
the thermometer terminsls. Two current leads and one po-
tantiél lead went directly to the heater terminala on the
top of the can. The other heater potential lead was Jolned
to the current lead just as the current lead left the ring.
This arrangement adds half of the power dissipated in the
‘1eada to the measured power disslipation in the heater.

The sample heater was #40 manganin wire wound non-
inductively on the thin copper ring HR (Figure 2). The
heater had a nominal resistence of approximately 2000 ohms.

The thermometer wes & % watt, 10 ohm, carbon composition
resistor obtained from Allen-Bradley Company without the
insulating case. This resistor was cemented inside of a
threaded copper plug with G. E. adhesive. The lower lead
wire weas grounded to the bottom of the plug. This plug was
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then screwed tightly into the well in the top of the can,

The heater circuilt is shown in Figure lj. With the main
heater switch closed, current from a l.,2 volt Willard low-
discharge battery was passed through an attenuator circult,
then through either the calorimeter hester or the exerclse
resistor, and finally through the 100 ohm standard resistor
and & millismmeter. The heater-exerclse switch 1ls a SPDT
Millisec relay (Stevens-Arnold) which was energized by timing
gignals from the bench control unit of a Stendard Electric
Compeny pendulum elock. The bench contrel unit could be set
for any number of Integral seconds up to 2500 seconds with
an accuracy of * 0,004 seconds. When the relay was not
energized the current was routed through the exerclse cilrcuit
which was adjusted to have the same resistance as the parallel
combination of the heater and 1ts shunt. The total current
in the e¢ircult was obtained by measuring the emf across the
100 ohm standard resistor. The voltage across the heater
was obtained from a measurement of the emf across either
the 100 ohm or 100+1000 obm standard 1ln the heater shunt,

The attenuator was a symmetric T; its application to
calorimetry was first proposed by Hoge (li}}). The properties
of this circuit shown in the simplified schematic (Figure 5)
are such that X and Y may be so adjusted that the power fed
Into the load resistance Ry may be varied while the resistance
seen by the battery remains constant. Under these conditions

a slight change in Ry, such as might occur by virtue of the



Figure li. Heater circuit.
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Figure 5., Symmetric T attenuator.
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temperature coefflcient of the heater resistance, does not
asffect the power dissipation. Under the conditlons that the
generator and load impedances are made equal to each other
and to the limage impedance Rl’ the values of X and Y may be
calculated (LL5) from the equations

X = Rl(O(-l)/(oH}.)

Y = Ry(2«)/(o2-1)

whers o = heater current without sttenuator
heater current with aettenuator .

The thermometer circuilt is shown in Figure 6. With the
main thermometer switch closed current from the 2.1 volt
Willard low~discharge battery was passed through a milli-
ammeter and then through the combination of parallel resistor
and thermometer plus atandara resistor. The value of the
parallel resistance was chosen so that the power dissipated
in the thermometer remained constant at 10“8 watts when the
thermometer registance changed from 100 to 3000 ohms.

All emf's were measured on a White double potentiometer.
It had a range of 0-99990 microvolts, with one unit on the
last dial corresponding to 10 microvoltas. A selector switch
with silver contacts routed the various emf's to the White
from the heater snd thermometer circuits. The galvanometer
used was & Leeds and Northrup Type 2285, having a sensitivity
of approximately 0.0G}Z/Qa/mm at one meter. The galvanometer

deflection was viewed through a 16 power telescope. The

galvanometer mirror reflected a 0-500 mm ground glass scale,



Figure 6. Thermometer circult.
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whieh was 1lluminated from behind by a fluorescent light.

The scale was approximately 6.5 meters from the galvanometer,
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V. EXPERIMENTAL PROCEDURE
A+ Genersl

The llguid helium for use as a refrigerant was prepared
in a8 Colling Helium Cryostat, The liquid was transferred
into a 50 liter Supsrior dewar for storage until needed.
Transfer from the storage dewar to the experimental cryostat
was accomplished with a #acuum jacketed stalnless steel
tranafer tube. Transfer efficlency was approximately G0 per
cent alfter the iInitial cooling.

Helium exchange gas was used to cool the sample to the
desired temperature. However, problems arose in removing the
exchange gas when it was desired to thermally lsolate the
gample from 1ts surroundings. The degree of adsorption of
helium on metal suﬁfacas increases sherply when the temper-
ature 13 deeressed Ealow i.29K. Because of this property,
gome of the hellium adsorbed on the semple will desorb during
& heating period and tend to re-establish thermal contact
with the surroundings. To clrcumvent this difficulty a
technique was developed to cool the sample using the minimum
amount of exchange gas.

After the 1inner dewar had been fllled wlth liquid helium,
l‘leﬁ“u moles of hellium gas were admitted to the experimental
chamber through the metering volume, This quantity of ex-
chenge gas would cool the sample can to .29°K. in spproxi-

mately two hours. The chamber was then opened to its vacuum
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system. After approximately flive minutes of pumplng the
fore-pump was isolated from the system and a commercial
helium mass spectrometer leak detector used as the backing
pump for the system's diffusion pump. Pumping was contlinued
until the leak detector indicated no further helium being
removed, The use of a leak detector in such an application
was first sugpested by Carfunkel and Wexler (L6).

The hath temperature was then lowersed to approximately
2,6°¢, and held constant with the manostat. The calorimeter
chamber was next isolated from the pumping system and ?x10‘5
moles of helium exchange gas admitted. After the sample had
reached bath temperature the chamber was agaln opened to its
vacuum system, and pumping continued until the leak detector
indicated no further helium being removed. The bath was then
pumped to 1its lowest temperature (1.1°K.), and alternate
temperature and power measurements taken from 2.6° to L.2°K.
The bath temperature was then raised to };.2°K. and the above
procedure repeated with 1.6°K. the lowest sample temperature.
The quantities of exchange gas used in the varlous steps were
found experimentally to he the minimum quantities consistent
with reasonable cooling times.

After all desired heat capaclty data had been taken the
bath temperature was raised to [;.2%., 10~2 moles of exchange
g8s added, and the thermometer calibration mede. A five watt

heater was ussed to raise the bath temperature.
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Be. Thermometry

The resglstance of the carbon thermometer was callbrated
againgt the vapor pressure of liquid hellum in the bulb B
(Figure 2). The "agreed" experimental temperature scale (26)
of 1955 was used to convert helium vapor pressure to tempera-
ture. Temperatures deduced from thls scale were denoted by
the symbol TSSE'

Thermometer calibration points were taken at intervals
of 0.29K. over the temperature region of interest after the
heat capacity dats had been taken. The resistance thermometer
and vapor pressure bulb were thermally coupled by admlitting
102 moles of helium to the calorimeter. An experiment
showed this to be adequate coupling: with the bath at its
lowest temperature, introduction of an equlvalent amount of
helium left the thermometer resistance unchanged.

The temperature of the bath was malintalned constant to
*0.0005°K, for each ealibration point. Temperature control
sbove 2.6°K was attained by regulation of the pressure of
helium above the bath with a manostat in the pumping lines.
At temperatures below 2.6°K, reguletion was attained through
use of & Sommers type electronic regulator (47). This
regulator used a resistance thermometser 1ln the bath as one
arm of a bridge circult, and a varisble reslstance as another.,
The pumping rate was adjusted so that the bath was cooling

slowly, and then the varlsble resistance was set to corre-
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gnond to the desired bath tewperature. The off-balance of
the brildge clrcult was fed through an amplifier to & heater
in the bath. For temperaturses above the lambda point of
liquid hellum, temperatures were always approached from
above to avold the possibllity of supercooling the liquid
below the surfacs.

Vapor pressures above L0 mm of mercury were measured
with the mercury manometer. Below L0 mm of mercury pressures
were measured with the oil manometer. A Wild Cathetometer
was used to measure the liquld heights 1n both manometers.
The results from the oil manometer were converted to mm of
mercury at the same temperature, To accompllish this con-
version, the density ol the oll was measured as a function
of temperature before intreduction Iinto the manometer. This
density callbration was checked periodically by comparison
with the mercury menometer. The readings on the mercury
manometer were corrected for capillary depression using the
data of Cawood and Patterson (48). This particular set of
data was chosen becsuse the experimental conditlons under
which 1t was obtalned more closely approximated those of
this study. Corrections to standerd temperature and gravity
were also mads,

In order to calibrate the thermometer, an emperical
equation was used which defines a reslstance temperature T,.
This equation wes

(1) 1/r, = e®/log R+ b log R + 2ab .
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Two experimentsl points were used to evaluate the constants

a and b. The ealibration then consisted of obtaining TSSE"Tr
as a functlon of Tn. The constants a and b were found to
change conslderably after cycling the thermometer between
room temperature and l.2°K. However, if the matching polnts
were chosen at the same temperature, the general shape of

the calibration curve remained unchanged.

Thermomolecular pressure drops in the tube connecting
the vapor pressure bulb and the menometer system were cal-
culated. At 1,6°K., a 0.03 per cent error in temperature was
introduced due to thermomolecular pressure differences. At
higher temperatures this error became vanishingly small. In
view of this result, the vapor pressure of helium in the bulb
was used az the temperature standard at all tenmperatures.

The correction of the temperaturs of the thermometer due to
the hydrostatic head difference between the vapor pressure
bulb and the carbon resistance thermometer was not made, This
correction was calculated to be negligible at all temperatures
with the posslble exception of those jJjust above the lambda
point. However, there was no evidence for thls correction
from a discontinulty of the calibration curve at the lambda
point,

As previously mentioned, the temperature and power
measurements were taken alternately during & run. The quan-
titles necessary for temperature were Ep, the voltage drop

across the thermometer, and I,, the veltage drop across the
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standard resisbtor 1in serles with the thermometer, The quan-
titles K, and I, were measured slternately before and after
a heating period at time Inbtervals of 30 seconds. Since Er
and I, were not constant, 1t was necessary to interpolate
each to the time when the other was taken. The resigtance
R of the thermometer was calculated from the relation
(15) R = (Ep/Ip)49L.30 ohms
since the reaistance of the standard was 43,.80 ohms.
Calculatlion of the initial and final thermometer resist-
ances for a heating perlod were made by plotting thermometer
resistance as a funetion of time both before and after a
heating period. In gensral, linear drifts were observed,
Both plots were extrapolated linearly to the time corre-
sponding to the mliddle of the heating perlod. The resulting
values of reslstance were taken to be Rl and Rf, end con=
verted to reslstance temperatures T; and Tf + Finally the
reslstance terperatures were converted to temperatures T%SE

and TESE on the "agreed" scale.
C+« Heat Input

The proper combination of attenuator setting and time
of heeting were chosen to glve a sample temperature rise of
0.1-0,2%K. during each heating period., The time of the
heating period was usually chosen to be 3, li, or © minutes.
The energy 1ln Joules added to the sample during a heating

period was glven by
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(16) Q@ = (I/Ry - B/Rp) (ERB/RZ) t s
where, I = the emf in volis across Rl
E = the emf 1in volts acrcss a fraction of the

parallsel shunt

Rl = the resistance of the 100 ohm standard serles
resgistor
R» ® the total resistance of the shunt (including its

leads) in parallel with the heater
RB = the resistance of that part of the shunt across

which E existas

<t
1

the time in seconds that current was [lowlng
through the heater,

Both E and I were observed to remain constent to 10,2
microvelt during & heating period. This was due partly to
the circult design and partly to the small reslstance change
of the manganin heater over the temperature interval of a

heating perlced.
D, Treatment of Data

The mean gross healt capecity, C., was evaluated by the

relationship

= g/(pf - mi
(17) C, %/(TSSE TSSE) joules/deg .

Thls was taken to be the heat capacity of the sample plus
i r
addenda at the average temperature (TBSE-# TSEE)/Q' The heat

cepacity of the addenda, Ca, was measured independently and a

smooth curve plotted as a Tunction of temperature. The heat
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capaclity of the sample was then calculated from the relation:

(18) ¢

i1

(Cg - Ca)/n  joules/(mole-deg)

where C = the mean heat ¢apaclty of the sample over the temper-
ature range of Gg
Cqg = the heat capacity of the addenda at the mean temper-

ature of Og

n = number of moles of sample.
The use of the above relatlon assumes that C varles linesrly
with temperature over the range of the heating period. The
corrections for the actusl curvature wers calculated to be
less than 1077 per cent, and were neglected.

At temperatures below L°K. the hesat capacity of simple

metals can be represented by the relation
(1) c=YT +p8T>
As previously discussed, the coefficlents V and ﬁ are relatsd
to the electronic and lattice contributions respectively. For
the purpose of evaluating the two constants, the heat capacity
equation was rewritten as

¢/T = Y+ g1 |,
and the data tabulated for C/T as a function of T°. This then
reduced the equation to a llnear one of the formy =Y +/58 x.
The best values of the two constants were found by the method

of least squares. This requlred solution of the detserminant
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where n was the number of x-y pairs,
The probable errors, P, and P , in the values of Y and 7
obtained from the above determlnant were calculated from the

relationships

P, = ry 2?&% /D ; Pg = 1o ¥V 0/D
where r

o = 0.6745 4 Za2 /(n-2)
D = n?x? —(in)2

dg = ¥y - Yy (calc) .

i1

P

~ Wwas the probable error in the electronic heat capac-

1ty. The Debye characteristic temperature was derived from

the coefflclent B by use of the following relation

op = 2k rossp)” .
In this equation n was the number of atoms per formula welght,
and the other symbols had thelr ususl meanings. The relative
arror, é;GD, in the Debye temperature was calculated from the

relation

- 1
SQD- ‘:‘3’('%—-*“/‘*—%2) P

where gn was the relstive error in n.
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V. RESULTS

Calibration date for the resistance thermometer with the
addende and with the addenda plus bronzes having x equal to
0.56, 0.65, 0.73, 0.81 and 0.39 are glven in Table 1 - 6
respectively. A typical calibration curve 1Is shown in Flgure
7. Uncertaintlies 1in temperatures due to uncertalinties in
the various measurements comprising a temperature determina-
tlon are shown as vertical llnes in Figure 7. The values of
the parameters a and b in equation (1l) for the varlous runs
are listed in Table 7 in the order 1n which the runs were
made .,

Data obtalned from the heat capaclity measurements on the
addenda are tabulasted in Table 8. Since the measurements on
the addenda and the samples were not made at the same temper-
atures, 1t was necessary to smooth the addenda data to combine
with the data on the samples. The heat capacity of the
addenda has been plotted in Figure 3. The values of Cg taken
from this curve were used in equation (13) to calculate the
heat capacltles of the samples.

Data obtainsd from ﬁhe heat capacity wmeaaurements on
the addenda plus bronzes having x equal to 0.56, 0.65, 0.73,
0.81 and 0,89 are given in Tables 9 - 13 respectively.

The columns are average btemperature, TSSE; change 1ln temper-
ature due to heating, T§5E - T%SE = AT; the gross heat
capacity, Q/Z;T = Cg; and the heat capacity of the samplse,
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Pable 1. Calibration of thermometer with addenda.

R T P T T E"TR
(Ohmﬂ) (Og‘ ) (mmn of H%) (0?{?5: %gKo )
113.05 .187 143.89 l1.188 .001
120,82 .029 Z?é.Sl 11,028 -.001
129.62 3.873 5L3.19 3.873 .000
1Lf.07 3.6L1 h21.62 3.6l2 -.002
1é..12 3.h21 322.92 3.417 -.00h
191,02 3,178 23L.830 3.17h -. 00l
226.06 2.9l2 167.1 2,941 -.001
2g3.01 2.715 115,50 2.71% -.001
367.69 2.415 6&.65 2,40 -.007
32.00 2.277 116.80 2,261 -.016
22.1h 2.013 22.52 1‘281 -.032
1118.0 1.692 6.997 1.650 -0l 2

Table 2, Calibration of thermometer with Nag,cgWO3 sample.

R T P Tgug Toop=T
(ohms) (°F.) (mm. of Hg) (R} {32 |8
112.36 l4.200 50.06 W1 ~.00
121.82 l; . 006 222.81 ﬁ.og .oog
134.58 3,788 1,96.10 3.788 .000
158.2 3475 3h7.27 3.477 .002
183.5 3.228 253,22 3.222 .001
222.1,9 2.951 169.2h 2.9l -.003
275.02 2.693 111.@2 2.693 .000
90.27 2.163 35.0 2.141 -.022

L 1.749 -.030

909.12 1.779 10.3
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Table 3, Calibration of thermomebter with Hag.65W03 sample.,

R T P Toog Tgor~TR
(ohms ) (Oﬁ.) (mm. of Hg) (ogé) %gﬁ.)
112.17 ool W7, 1.193 -.001
126.10 3.930 576, ﬁs 3‘9io .000
137454 3.746 ?u 09 3.7046 . 000
161.05 349 336.06 3.450 .001
189.20 3,186 235.50 3.18& -.001
223,11 2.953 170.69 2.95 .001
267.39 2,731 118.95 2,731 .000
317.12 2,518 é.;e 2.5%2 -.006
379.93 2,376 g 2.362 -,01}
928.6l 1.77h .981 1.739 -.035
1159, 6{ 1.26% 2.226 1.629 -.038

Table L. Callbration of thermometer with Nag,73WO3 sample.

R T p Tgop Teop=T
{(ohms ) (0%.) (mm. of Hg) (05%) béE R
112.23 I, 202 706.55 L.192 -.010
120.47 h.029 6%u oﬁ 14,02l -.005
13k.96 3.777 190.29 3.771 .000
150, 33 3.563 385.90 3.565 .002
175.16 3.295 277.57 3.292 .00l
199.92 3.091 211.25 3.09 . 007
238.63 2.856 148.02 2.863 .007
27,22 2.686 111.35 2.693 .007
329.20 2.94 77.35 2,497 .003
416.78 2,280 L8, 62 2.278 -.002
538.25 2.08% Z 2.072 -.012
705.73 1.90 Zsu 1.890 -.018
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Table 5. Callbration of thermometer wlth Nag giW03 sample.

R T P T W Tre E-TR
(ohms) (ﬁagﬁ K.) (mm. of Hg) (Deg% K.) (Dgg. K.)
113.62 .206 55,08 Iy, 20 -.002
123.41 5.007 gaﬁ.sa ﬁ.ao -.001
5 37800 02155 3:800 1000
150.22 «596 399 .38 9% -.002
166.5 3. 09 319,10 -.001
189, Gw 3.203 2&).90 20& . 001
221,08 2.978 176.81 2.97 -.001
25L .5 2,799 132.86 2.79 -.003
300.33 2,612 26.27 2.612 .000
f 23 2 0}421 S * 2 ol{lh -.00
159 2.223 1.?3 2.207 -.01
5?5023 ?1305':; 6.35 2.035 “‘QOZL}.
777 « 06 1.872 141 . 2 -.030
1110.1 1.687 74069 1.6 h -.035
1695 .88 1 0508 3‘ Ou.l .}Jr -e E—l
Table 6. Calibration of thermometer wlth Nag ggWO3 sample.
R TR P T -TR
{ohms ) (°8.) (mm. of Hg) (0%?? %gﬁ.
112,15 li.202 75L.. 76 li.203 .001
121.23 1.013 628,11 11,013 . 000
136.20 3.760 180,18 3.758 -.002
152,93 3.535 37l.8l 3.540 .00
1?8.20 3.5@9 26%.2@ 3.2%3 .00l
202.30 3.080 207 .15 3.085 . 005
236,51 2.371 151.0l 2.876 .005
271433 2,707 11&.07 2,707 .000
316.32 2.543 8l;.88 2.545 .002
370. 02 2.39L 61.52 2.385 -.009
ugs 2.181 36.8l 2.161 -.020
é 2.057 26.29 2.03 ~.023
95 o7 1.752 9.33 1.722 -.030




Figure 7. Thermometer ealibrstion in addsndsa,
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Table 7. Callbraetion equaetion constants.

Run a b

Nag,g1 705 -0.63935 0.65115
Addenda -0.62.27 0.64508
Nag, 4505 -0.63081 0.64831
Nag, £gi03 -0.63608 0.65092
Nag,3gW0q ' -0.63578 " 0.65091
Nag,73W05y -0.64505 0.65535

Table 8. Exparimentgl values of C, for addenda, joules-

deg'l x 10<.

he?13 0.186 1.813
L.o21 0.207 1.630
3.824 0.182 1.482
3.625 0.202 1.336
3.439 0,12 1.212
3.272 0.15l 1.118
3,106 0,133 1.035
2.832 0.1l o.g 7
2.805 0.198 0.869
2,70 0.20l 0.845
2.6Z§ 0.212 0.812
2.5 0.231 0.7k

2,441 0,201 0.686
2.309 0.152 0.629
2.173 0.139 0.573
1.98? 0.150 o.ﬁlo
1.595 0.19 0.39




Figure 8. Heat capacity of addenda.
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Table 9. Experimenta valuss of C for Nao §6WO 3, Joules-
deg~l-mole~t x 102, n = 0.3563 moles.

T5eg AT Ce C
11,059 0,208 2.812 1.342
3.867 0.223 2.565 1.236
3.700 0.1h1 2.383 1.167
3.565 0.152 2.210 1.066
3.14.30 0.132 2.036 0.959
3.295 0.1h0 1.919 0.913
3.137 0.152 1.768 0.8
2.957 0.168 14595 0.757
2,81 0.181 1.1,86 0.712
2.7h1 0.189 1.4h23 0.685
2.651 0.201 1.338 0.6lL3
2,537 0.220 1.223 0.576
2120 0.143 1.159 0.56l
2,323 0.157 1.093 0.536
2,208 0,135 1.017 0.503
2,078 0.149 0.921 0.6

1.917 0.163 0.842 0.413
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Table 10, prerlmanta} value& of ¢ for Nao 95W03’ joules~
deg”~ lomole~™t x 102, n = 0.3395 mélds.

Teon AT Cp C
L.1ho 0.190 3.016 1.516
3.952 0.216 2.709 1.357
3.739 0,237 2.169 1.260
3.549 0.151 2.228 1.121
3.386 0.16l 2.051 1.026
225 0.1h1 1.908 0.949
3.067 0.15L 1.747 0.878
2.387 0.172 1.56l 0.774
2.797 0.179 1.505 0.760
2.706 0.189 1.4.25 0.724
2.588 0.205 1.314 0.665
2.459 0.133 1.236 0.647
2.341 0.153 1.123 0.573
2.192 0.140 1.022 0.527
2.016 0.150 0.916 C.L73

1.79k 0.176 0.780 0.392
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Teble 11. H®Experimental valugs of C for UVag, 3&03, Joules-
deg=l-mole~l x 102, n = 0.5183 moZes.

T5oR AT Cy c
11.090 0,208 2.801 1.354
3.903 0.228 2.556 1.250
3,739 0.14L3 2.352 1.150
3.609 0.151 2.233 1.111
3.14166 0,162 2.076 1.025
3.326 0.139 1.940 0.945
3,191 0.149 1.808 0.891
3,042 0.162 1.660 0.811
2.875 0.176 1.529 0.759
2.719 0.189 1.2l 0.733
2.6lh2 0.201 1,339 0.679
2.540 0.213 1.26} 0.651
2137 0.1h2 1.203 0.635
2.353 0.150 1.11h 0.571
2.25l 0.130 1.052 0.5L6
2.1h3 0.141 0.975 0.505
1.991 0.155 0.887 0.459

1.°18 0.167 0.819 0.430
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Table 12, Experlmental valugs of C for Hag 81W03, joules~
deg-l-mole-l x 102, n = 1.002 moles.

(of5F o e i

.19 0.161 3.505 1.749
3.968 0.175 3.225 1.639
3.763 0.195 2,99 1.162
3.525 0.212 2.662 1.386
3.302 0.13l 2.393 1.2li9
3.126 0.120 2.138 1.09l
2.935 0.133 1.930 0.988
2.845 0.135 1.852 0.957
2.763 0.145 1.768 0.913
2.666 04339 1.636 0.838
2.62l 0.155 1.657 0.881
2467 0.0870 1.192 0.793
2.1,08 0.11l 1.423 0.750
2.394 0.225 1.02 0.736
2.279 0.12) 1.3083 0.692
2,110 0.081L 1.196 0.645

1.953 0,123 1.079 0.579




Table 13.

Bxperimental valugs of ¢ for Na
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deg-l-mole-! x 102, n = 0.9135 %6?2??3’ Joutes=
T5ER AT Cp C
o165 0,178 3.279 1.653
3.987 0.193 3.032 1.569
3.795 0.203 2.825 1.502
3.627 0.128 2.618 1.105
394 0.138 2.439 1.297
3.346 0.148 2.277 1.216
3.18) 0.159 2.117 1.141
3.009 0,174 1.932 1.043
2.5 0.197 1.710 0.995
2.667 0.16l 1.636 0.920
2.590 0.174 1.53l 0.867
2.1493 0.187 1.436 0.796
2.373 0,200 1.343 0.752
2.2l0 0.138 1.243 0.705
2.122 0.1h7 1.163 0.667
1.963 0.161 1.06l 0.615
1.869 0.172 0.995 0.571
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Table 1. Electronic specific heat and Debye temperature of
sodium tungsten bronze.

Semple Y x 103( jovles-mole~l-deg™?) 65 (%K. )
Nag,56W0, 1.760 * ,022 L53.5 * 3.7
Nag, 45W03 1.922 + .019 Lh9.2 £ 3.0
Nag, 73W05 2,050 * .019 4196.7 + L.6
Nag,31W03 2.557 + .032 L53.7 + 5.1
Nag,3qW04 2.819 + .027 505.1 * 6.3

(cy = Cql/n = C.

If ¢/T 1s written as a function of T2, equation (1)
yields a stralght line with intercept Y , and slope @ .
The data for the five bronzes are plotisd in this way in
Figures 9 -~ 13. It 1s seen that a stralght line is a good
approximation to the dasta for all flve samples. The con=-
stants of the lines and their probable errors were determined
by the method of least squares as prevliously discussed.
These derlived quentities ere glven in Table 1l.

Brrors 1n a heat capaclity determination at a temperature
T may erise through uncertainties in measurements of the
energy supplied to the sample, the mean value of the tempsr-
ature, and the temperature rise of the sample.

The energy wiich was supplied to the sample was deter-

mined by measurements of heater current and potential drop,



Pigure 9, Heat capaclty of ﬁao.gé%{v’OB.
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Figure 10. Heat capacity of Nap, 65W05.
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Filgure 11. Heat capaclty of 2*3&0.73‘&’03.
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Figure 12. TIeat capaclity of Nag, 31W05.
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Figure 13. Heat capacity of Nag.ggwsy
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and time of hesting. ALl of these quantities had uncertaln-
ties of less than 0,05 per cent, end were therefore not
significant sources of error. The fact that the sample
surrounded the heater insured that all of the energy supplled
entered the sample.

Errors In the mean temperature of & heating periocd can
arise from uncertaintlies in the thermometer current and po-
tential drop, and from inaccuracles in the calibration. The
uncertainties in the electrlical measurements were less than
0.05 per cent. Errors arising from the graphlcael interpola-
tion of the temperature calibration curves have been esti-
mated to be less than 0.1 per cent except at the lowest
temperatures. Errors In heat capaclty introduced by the
uncertainty of the temperature ascale are sxpected to be
everywhere less than 0.5 per cent.

The uncertainty in the temperature rise due to heating
introduced the largest sourcs of error in the experiment.
This was due mostly to uncertalnties in the initlal and final
reslatances obtained from the resistance vs. time plot. At
the lowest tempsratures, the drift rates were large, thus
inereasing the uncertainty in the extrapolation. Thre errors
In heat capacity due to this uncertainty in extrapolation
have been estimated to be less than one per cent except at
the lowest temperatures.

The errors that have been estimated above yield a total

uncertainty of 1.5 per cent or less in a heat capacity deter-
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mination. Due to the small lattice heat capacity and high
molecular weilght of the bronzes In additlon to the reqiuire-
ment of contalning them in a can, the heat capaclity of the
addenda was comparable to that of the samples. This intro-
duced an additional source of error of less than 1.5 per cent.
The total absolute errcr in the heat capacity of the bronzes

was therefore estimated to he less than 3 per cent,
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VI. DISCUSSION

To obtain the denslity of electronlic energy levels at
the Fermi energy from the slectronlc specific heat, equation
(10b) was rewritten as
(19) gl Eg) = 3Yn/7r2uRz .

For the bronzes, z = x and n = x/a3, where a 1s the lattice
parameter. Substituting these quantities and the numerical
values of the physical constants into equation (19) gave
(20) @l Ep) = h,2h2(1026)‘f/a3 (energy levels-e.v:t=cm™3).
In this equation Y must be given the units of joules-mole'l-
deg™?, and a must be expressed ln Angstroms. Hence, the
data will yield the density of states at the Ferml level as
a function of x; or alternatlively, as a function of n since
x = nad, A plot of the density of states as a functlon of
energy can be made 1f it 1is assumed that the shape of thils
curve does not vary with sodium concentration.

In order to determine the energy corresponding to a gilven
value of electron density,m, equation (lj) was differentiated
to give
(21) dn=glg) £ (g)ae .

It was then assumed that (&) = 1 for all energles less than
the Ferml energy and zero for all other energies, This as-
sumption is strietly true only for T = 0%K., but the maximum
experimental temperature of l.2°K., would not be expected to

cause significent deviatlon from this assumption. Rearranging



71

equation (21), writing the density of states as & function of

n, and integrating betwesn limits gave

£
2 1

(22) é af = 52 dn/g(n) .
1 nq

él and fé are energles correaponding to elsctron dengities
ny and no respectively. Therefore, if 1/g(n) is plotted as
a Tunctlion of 1, the area under this curve between any two
valueg of n corresponds to thelr energy difference, Thils
graphical integration is shown in Flgure 1. The area
increments were chosen small enough so that the trapezoldal
rule gave an accuracy in asccord with the data.

The density of states as a functlon of (& - &) is
plotted in Figure 15. E@ 1s the energy corresponding to
the lowest experimental electron density, and cannot be
glven & numerlical vaelue wilthout meking some additional as-
sumptlions.

As prevliously mentloned, the constructlon of the den-
81ty of states curve is based on the assumption that this
curve i3 the same for all of the bronzes., In order to test
the validity of this agsumption, the detailed behavior of
the density of states must be studied. If 1t 1is assumed that
each electron 1in the crystal can be characterized by & wave
propogation veatar'ﬁ, sach point formed by the tip of one of

the & vectors may be regarded as a possible electronic state

for the system. On this model it can be shown (l;9) that the

number of states per unit volume per unit energy is given by



FPigure 1lli. Curve for graphicel integration.
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Figure 15. Density of states curve.
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the surface lntegral

(23) g€) = =, ds ’
W2 ) araa, £ (0]

in which d3 1s the dlfferential arsa of the surface of con-
stant energy in k space, and EfC?) is the electronic energy.

In order to determine the eoffect of a change in sodlum
concentration on g ( &), the perturbations on the constant
energy surface and on the elsctronic energy caused by the
addition of sodium must be considered. Such perturbations
might arise becauss varying x in the formula NaxWOB changes
not only the electron density, but also changes the potentlal
field in which the eleetrons move by changling the density
of sodlium cores,

The lattice periodiecity glves rise to the zone structwre
of & solid, whilch influences the surface of constant energy
and hence the density of states., The zone siructure is a
function of crystallographic symmetry and interatomic spacing
only. The cublc bronzes all have the perovaklite structure
with tungsten at (&%%), oxygen at (%30), (%0%) and (0%3),
and sodium sites at (000). The sodlum sites have & probabil-
ity of occupancy equal to x, but the crystallographic sym-
matry remains the seme for all x 1f the sodlium distribution
is random, There 1s no experimental evidence to indlcate
other than a random sodium distribution. Therefore, if the

small change In lattice parameter is neglected, the Brillouln

zone structure of the cuble bronzes 1s unchanged by varla-
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tions 1In sodium concentration.

The éffact of the sodlium core density on the gradient
of the electronlec ensrgy 1s mors subtle, In ordsr to obtaln
the energy as a function of k, some simplifying model of a
metal must be adopted. By employling the cellulsr approxima-
tion with Bloch one-electron wave funections, the energy is

found to‘be glven by
2y &= &, +n%2/on* .

The gradient of this expression can be influenced by the core
density only through the effective mass m*, since all other
@ff@cts of the lattice sre included in the constant Eio term,.
This treatment is gquite crude, end would be expected to
breek down badly at values of k near a zone boundary. As
dlscussed previously, attempts to refine thls approach have
resulted in greater divergence between theory and experiment
unless & shielded Coulomb potential is employed (35). The
recent work of Bohm and Plines glves some justification for
using such a potential on the basls of the collective cor-
related description of electren motion. Using this approach,
Pines (50) calculated the effect of the lattice on the elec-
tronic energy and concluded that the terms in the electronilc
‘ensrgy equation which are dependent on the lattice tend to
cancel one another. To thi§ approximation the construction
of the denslty of states curve for the bronzes is Justified.

At moat, any effect should be small and vary smoothly with
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sodium concsntration.

Tne sudden rise in the denslity of states curve (Figure
15) was not expected, and is quite different from the para-
bolice shape predicted on the basis of simple free electron
theory. One simple model whlch 13 consistent with the
observed results is based con the filling of a zone in'i
gpace. The Ferml energy lncreases wlth the denslty of elec~
trons as the sodium concentration of the bronzes ls increased.
For small values of & the contours of constant energy in E
space ere spheres, so that g(& ) ls proportional to E%} As
& approaches the energy corresponding to a zone boundary,
the contours deviate from spherical shape, and g( &) increases
more rapidly than E?% until 1t reasches & maximum when the
contour Jjust touches the boundary. On thls model, the zone
boundery has not yet been reached at the higheat experimental
point because g( & ) is still increaging. The concept of &
zone becoming full may account for the difficulty found in
preparing bronzes with high sodium concentrations, especlally
if there 1is a large energy discontinulty at the zone boundeary.

Conslideration of the effective electronic mass presents
a slightly different way cof approaching the problem. The
retlo m¥/m can be calculated by taking the ratio of the ob-
served electronic speciflec heat to the value calculated from
the Sommerfeld formula, equation (13). The effective mass as
a function of sodium concentration is shown in Figure 16, The

rise 1s quite sharp, and 1t would be difficult, if not impos=-



Figure 16. Variation of effective mass with sodium concentration.
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gible, to take enough experimentsl points to establish
whether this 1s a smooth curve or 1f there is a discontinuity.
An alternate interpretation of the data 1s presented by the
effective mass approximation. To wit, that the density of
states for each bronze 1s parsebolic with a curvature defined
by the effective mess., However, this conclusion 1s incon-
sistent with the fact that the density of states should at
most be a simple, slowly varying function of sodium concen-
tration., On the other hand, the change in effective mass is
conslstent with the ldea of & zone becoming full. The ef-
fective mess, which 1s inversely proportiocnal to the curva-
ture of the & vs. k curvé, would be expected to lncrease
rapidly near & zone boundary.

An approximation of the complete density of states curve
can be drawn by extrapolating the linear portion of the ef-
fective maés ve. sodium concentration curve to x = 0, The

equation of the line 1is
(25) m®/m = 0.535x + 1,190 .

Since x is known as & function of electron density n, thils

equation bscomes
(26) mw*/m = 3.125(10"23)n + 1.180 .

Under the assumption that equation {26) is valld, the density
of states 1s glven by the free electron result using this

value for electronic maass,
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(27) g(n) = Qﬂ%%ﬁﬁil (31’1/87”%7 = A(m*/m)nyy .

In thls equation A includes all of the physlcal constants and
igs equel to h‘llg(lolﬁ) 0.v. toem™2, Thersefore, the energy
in electron volts correspondling to any n in the linear por-

tion »f Figure 16 1is

n

n
5 S‘ dn - 1 S' an
Z gln) i K (m*‘/m)n':3

(28) n

¢

133

11

1 ~dn
A [3.125{107%)n + 1.180 ] n”7> .
0

This integral can be converted to & tsbulated form by making
the substltution w3 = n. This reduces equation (23) to the

form nﬂg

(29 &= 2 f udy ,

2 a8 +~bu3

with a = 1,180 and b = 3.125(10723),

With n = 0.996(1022), the value for x = 0.56, equation
(29) pives an energy of 1.299 electron volts. This is the
value of ‘Eo in Figure 15 on the basis of this aporoxilmatlon.
By calculating the density of statss from equstion (27) and
the corresponding energy frox equatlon (23) for energies
below 1.299 electron volts, a complete density of states curve
can be drawn. Thls curve 1s shown in Figure 17.

The interpretation of the density of states curve in



Figure 17. Complete density of states curve.
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terms of the filling of a zone 1s only one possible explane-
tlon of the data., An equally plausible Interpretation could
be made in terms of an overlap in the band structure. A
theoretlcal calculation of the band atructure of sodium
tungsten bronze might be able to establish whether or not
elther interpretation ls reasonable. Such a calculation mey
prove to be quite feaslble because of the high degree of

symmetry of the bronzes.
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